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Recently the operator algebra and twisted vertex operator equations were given for each sector of 
all WZW orbifolds, and a set of twisted KZ equations for the WZW permutation orbifolds were 
worked out as a large example. In this companion paper we report two further large examples 
of this development. In the first example we solve the twisted vertex operator equations in an 
abelian limit to obtain the twisted vertex operators and correlators of a large class of abelian 
orbifolds. In the second example, the twisted vertex operator equations are applied to obtain a 
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1 Introduction 



In the last few years there has been a quiet revolution in the local theory of current- algebraic 
orbifolds. Building on the discovery of orbifold affine algebra |2| in the cyclic permutation 
orbifolds, Refs. Q gave the twisted currents and stress tensor in each sector of any current- 
algebraic orbifold A{H)/H - where A{H) is any current-algebraic conformal field theory [5-9] 
with a finite symmetry group H. The construction treats all current- algebraic orbifolds at the 
same time, using the method of eigenfields and the principle of local isomorphisms to map OPEs 
in the symmetric theory to OPEs in the orbifold. The orbifold results are expressed in terms 
of a set of duality transformations, which are discrete Fourier transforms constructed from the 
eigendata of the H -eigenvalue problem. 
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More recently, the special case of the WZW orbifolds 



H 



H C Aut(<7) (1.1) 

was worked out in further detail |l^, introducing the linkage relation and the extended H- 
eigenvalue problem in order to include the operator algebra and the twisted vertex operator equa- 
tions of the twisted affine primary fields of the WZW orbifolds. The twisted vertex operator 
equations set the stage for finding the twisted KZ equations of the WZW orbifolds, and twisted 
KZ equations for the WZW permutation orbifolds and the inner-automorphic WZW orbifolds 
were worked out as large examples in Ref. [^]. 



In this companion paper, we apply the twisted vertex operator equations of Ref. [10| to work 
out the details of two other large examples. In the first example (see Sec. |2|) we solve the twisted 
vertex operator equations in an abelian limit to obtain the twisted vertex operators and correlators 
of a large class of abelian orbifolds 



^Cartang(-H^) 

H 



if C Aut(Cartan(7), Cartan^C^ (1.2) 



where the ambient algebra g supplies the representation space for the twisted sectors of each 
orbifold. In the second example (see Sec. ^), we apply the twisted vertex operator equations to 
obtain a set of twisted KZ equations for the (outer-automorphic) charge conjugation orbifold on 
su(n) 

n>3 (1.3) 

and some simple solutions of these equations are also discussed. 

Subsec. also notes a more general twisted KZ system for the correlators in the "scalar" 
twist-field states of any WZW orbifold. This result includes as special cases the known twisted 
KZ system for the WZW permutation orbifolds, our twisted KZ system for the charge conjugation 
orbifold on 5u(n), and a generalization to every outer-automorphic WZW orbifold. 

2 The Abelian Orbifolds Acartang(^)/^ 
2.1 An Abelian limit of the WZW orbifolds 

As our first large example, we consider the class of abelian orbifolds 

^Cartan9(-f^) 



H 



if C Aut(Cartan5-) (2.1) 



where H is any finite group and j4cartang(-ff) is any ii-symmetric conformal field theory con- 
structed from the Cartan subalgebra of a compact semisimple Lie algebra g 

Cartangi C 5, g = ®iQ^, Cartan g( = ©/Cartan . (2.2) 

In the composite notation of Refs. |||, |3|, |^, [l^, the left-mover sector of the ii-symmetric CFT is 
described by the stress tensor and abelian current algebra 

T{z) = ^G"'' : Ja{z)Jb{z) :, c = dim(Cartan g) (2.3a) 
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Ja{z) = ^ Ja{m)z ™ , [Ja{m), Jb{n)] = mGabSm+nfl, a,b = 1 . . . dim(Cartan5() 

(2.3b) 

where : • : is operator product normal ordering and Gab is the induced metric on Cartang'. The 
ambient algebra g provides the induced metric and the representation theory of the symmetric 
CFT, but is otherwise inactive. The //-symmetry of the system is specified as 

Jaiz)' =UjiK)a''Jbiz), Uj{K)aUj{K)b'^Gcd = Gab, Uj{K)£H, (T = 0, . . . , iVc - 1 

(2.4a) 

T[zy = ic'^^ : Ja{z)'Jb{z)' : = T{z) (2.4b) 

where w(/io-) is the action of £ H and Nc is the number of conjugacy classes of H. 
When needed, the composite notation can be replaced by the explicit notation 

a^a{I), Ja^Ja(i), Gab ^ Ga(i)XJ) = ®ikir]i(i)b{i)^ (2-5a) 

a{I),b{I) = l...dim(Cartan5^) (2.5b) 

where 'ni(i)b(i) is the induced Killing metric of Cartang^ and xj = 2ki/il>] is the invariant level 
of affine g^. As an example (see also Subsec. 2.6) permutation-invariant systems satisfy 



~ 0, Cartang'^ ~ Cartang (2.6a) 

Ja{i) = Jai, kj = k, xj = x, vi{i)b{i) = ^ab, a = 1 . . . dim(Cartan g) (2.6b) 

where r]ab is the induced Killing metric of Cartang and //(permutation) acts among the copies 
Cartang^ of Cartang. 

The twisted current-algebraic description of ylcartang (//)/// can be easily read as the abelian 
limit g — > Cartan^/ of the general WZW orbifold in Refs. Q or One finds the stress tensor 
and twisted current algebra of sector a 

Ta{z) = £^(^^|'''""^'^'''(cr) : Jn{T)fi{z,a)J_n{r),v{z,a) :, c((t) = c, 0- = 0, . . . , A^c - 1 

(2.7a) 

Jn{r)t,{ze^''\(y) = e '""'P^") Jn(r)^,{z,a), Jn(r)±p{a)4i{z,a) = Jn(r)^i{z,(T) (2.7b) 

Jnir),{z, CJ) = Y. Jnir)M + ^)^"^™^^^"' (2-7c) 
[Jn{r)^t{m + ^), Jn{s)uin + ^)] = ("I + , „ , !iM±!i(£) n{r) ^,■-n{r) ,u{^) (2-7d) 
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where : • : is operator product normal ordering ||2|, ^, |l^, ^, [l^ and the duality transformations 
^n(.)M;n(.)."^*^'(^) = 0> = (2.8a) 

Qn{r)fi;n{s)y{'7) = X{'^)n{r)fiX{<^)n{s)uU {cr)n{r)fi"'U {a)n{s)i,''Gab (2.8b) 
= ^n{r)+n(s),Omodp(a)Gn{r)fi;-n{r),u{^) = ^n(r)±p((T),/i;n{s)!/ (f'') (2.8c) 

= '^nM+n(s),Omodp(.)a"(^^'^^-"(^)''^(^) =a"(^)±''('^)'^^"(^)^(cT) (2.8e) 

are cahed respectively the twisted structure constants, the twisted inverse inertia tensor, the 
twisted metric and the twisted inverse metric of sector a. The Kronecker forms in ( p.8(j ) and 
( 2.8e ) are the solutions of the selection rules ^ |lO| of the twisted tensors. In further detail. 



the integer p(a) is the order oi ha € H while the unitary matrices U{a), the spectral integers 
n(r) = n(r, a) and the degeneracy indices /i = /i(r, a) are determined by solving the H -eigenvalue 
problem [|, |, |lO| 

_o ■ "('') 

Lo{K)U^a) = U\a)E{a), E{a) = e , a = 0, . . . , - I . (2.9) 

The quantities xi^) with x(0) = 1 ^-re normalization constants. As seen in Eqs. (2.7-9), all 
quantities are periodic n(r) n(r) it p(a) in the spectral integers. 

We note in particular that the zero modes {^0/^(0)} of the twisted current algebra ( ^.7d| ) 
commute with themselves and indeed with all the twisted modes 

[^o^(0),J„W.(n + ^)] =0, yfi,u,n{s). (2.10) 

As in the case of the WZW orbifolds |jl^ the zero modes of the twisted current algebra will con- 
tribute to the residual symmetry (global Ward identities) of each orbifold sector a (see Subsecs. p.5| 
and|2? 



The ground state (twist-field state) of sector a satisfies 

Jnir)^{^ + ^ > 0)|0). = .(0|4(,)^(m + ^ < 0) = 0, a = 0, . . . , TV, - 1 (2.11) 

and so the M or mode-ordered forms of Refs. Q or [^] are immediately useful. For example the 
Virasoro generators in sector a of Acartan g {H) / H 



n{r) f n(r)\ -i 
'°2^ \ ~ ^ J (2.12a) 



n(r) = n(r) ^ n(r) - p{a) [^\ , n(r) G {0, ...,p{a) - 1} (2.12b) 
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are easily obtained as the abelian limit of the form given for all WZW orbifolds in these references. 
Here n(r) is the pullback of the spectral integer n(r) into the fundamental range < n < p{a) — 1. 
Then the ground state conformal weight of sector a 



{L„{m > 0) - 5^,oAo(ct)) |0), = (2.13a) 



r,s,fi,u 



1 v-^ n(r) ( n(r)\ 

r,fi{r) 



is easily computed from (2.12) and the duality transformations in ( |2.8| ). 



Going beyond the general stress tensors of Ref. y], Ref. ||10[] also discusses the full chiral 
algebra of all WZW orbifolds, including the twisted left-mover affine primary fields g+{T, z, a) of 
sector a. For our class of abelian orbifolds the abelian limit g+{T , z, a) is more properly called a 
twisted left-mover vertex operator. In particular, we read from Ref. pO|] that the twisted left-mover 
vertex operators satisfy 

Jn{r)fi{z,a)g+{T,w,a) = ^^^J^^' '^V „(r)^(r, a) + 0{z - wf (2.14a) 

n(r) 

[•^n(r.);.(m+ =g),5+Cr,z,c7)] =5+(T,z,a)T„(,)^(T,a)z™+^ (2.14b) 

[L,{m)rg+{T,z,a)]=z'^{zd,+V{T,a){m + l))g+{T,z,a) (2.14c) 

V{T,a) = ^g"M'^^-('-)''^(a)r„M^(r,a)r_„M,,(r,a) (2.14d) 

rnir)^{T, fT)^(,)/(^)'^ = x(-)„(.)^t/((T)„(,)/( C/(T, cj)TaU\T , a) )^(.)/^^)" (2.14e) 

= Kir. , Nir)-Nis) T^(r),{T, ^)7Vm/^'^^^"^'^''^ (2.14f) 

[Ta,Tb]=0, a, 6 = 1 . . . dim(Cartan c/) (2.14g) 

[%iir)fi{T,(y),'Tn(s)u{T,(T)] =0, %^(^r)±p(a),^l{T,a) = T„(r)^(T,CT) (2.14h) 

where {T^} are the commuting Cartan matrices of the irreps[^ of the ambient Lie algebra g D 
Cartan^r and {7^(r)^(T, o")} is another set of duality transformations called the twisted represen- 
tation matrices of sector a. Here -R((t) = R{T, a) is the order of the action W{hf^; T) of h„ £ H in 

'^Although it is not mentioned explicitly below, one should choose only those irreps of g consistent with the affine 
cutoff r < Tj; at invariant level x = {xi} of affine g. 
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representation T of g, while the unitary matrices U{T, a), the spectral integers N{r) = N{r, T, a) 
and the degeneracy indices /i = /i(r, T, a) are obtained as the eigendata of the extended H- 
eigenvalue problem 

W{K- T)U\T, a) = U\T, a)E{T, a), E{T, a) = e . (2.15) 

Again all quantities are periodic N{r) N{r) it R{(t) in the spectral integers. These results are 
essentially unchanged from Ref. [l^, except that in our case the twisted representation matrices 
commute because the T^'s commute. In what follows we generally abbreviate J{z) = J{z,a) and 
T^r{T,a). 



2.2 Solution of the twisted left-mover vertex operator equation 

Ref. [|lO| ] also gives the operator equations of motion, called the twisted vertex operator equations, 
for the twisted affine-primary fields in each sector of all WZW orbifolds. In particular, the abelian 
limit of the twisted left-mover vertex operator equation 

dg+{T,z,a) = J„(,)^(z)5+(T, z, a) -.m -^-J+{T , z,a)T^^,^^ T„„(,),, 

(2.16a) 

: Jn{r)fiiz)g+(J'iZ,'^) -M = J~^^^^{z)g+{T,z,a) + g+{T,z,a)J+^^^^{z) (2.16b) 



m< — l m>0 

(2.16c) 



[-^nM.^")' Jnis)>^^ = Jnis)>^^ = ^ (2.16d) 

is also easily read from Ref. |jl^. Here the form is unchanged from Ref. |l^ except for the 
vanishing commutators ( p.l6d| ) of the partial currents J^, which reflect the abelian character of 
the present case. 

The central task of this section is to solve the twisted vertex operator equation ( p. 16a ), follow- 
ing the general strategy given for the untwisted WZW vertex operator equation and an abelian 
limit of this equation in Ref. |12]. In what follows, we will assume that the twisted vertex operator 
5+ is a square matrix and that the twisted representation matrices T commute with everything, 
including the solution: 

5+(T,z,a);v(r)/^'^", [T„(,)^,5+(r,z,c7)] =0 . (2.17) 
This assumption will be justified a posteriori by our solution below. 
The first step in the solution is the direct integration 



g+(T,z,a) 



xexp( / dz'g-M'^^-M''^(a)J„-(^)^(z')r_„(,),, 

'20 



X5+(r, zo, a) exp ^^^'a"^'^'^^-"^'^''^(<^)iiv(^')'7'-nM,-) (2-18) 
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which fohows using ( |2.16d| ) and ( p.l7 ). The reference point zq in ( 2.18 ) is arbitrary. 
The integrals in ( |2.18[ ) are easily performed and the results rearranged in the form 



g+{T,z,a 



Jom(0)G°'''°"{(t)7I),t>(0) 



V- (T, z, a) = exp < 



xz 



->n{r)fi;—n{r) yU 



Vl'"iT,z,a)V+{T,z,a) 



m< — \ 



-r_ 



(2.19a) 



(2.19b) 



y+(T, z, a) = exp < 



-(m+ / ( I 



m>0 



m + 



ft(r) '^-n(r),u 



(2.19c) 



(T,z,a) = exp <^ ^ j^^i^^)^__T,^ V ^ [F^ (T, a), y+(T, z, a)] = 

m>l J 

(2.19d) 

where we have collected all zo dependence in the quantity G+(T, zo,o") 

G+{T,zo,a) ^ V-{T,zo,a)-^g+{T,zo,a)zf'^^^"^vi^\T,zo,a)-^V+{T,z^,ar^ (2.20a) 



(2.20b) 



[F(T,c7),y_(r,z,a)] = [F(T,c7),f|°)(r,z,a)] = [F(r, a), y+(r, z, a)] = . (2.20c) 
Following Ref. [Q, we observe that Gj^{T ^ZQ,a) is in fact independent of the reference point 

5,oG+(T,zo,ct) = ^ G+(T,zo,(t) = G'+(T,a) . (2.21) 

To verify this one uses ( |2.20| ) , the explicit forms of V± , V^'^ and the equation 
d,,g+{T, zo, cy) = g-M'^'-"(^')'-(cT) (: J„(,)^(zo)5+(r, zq, a) :m 



(2.22) 



which is the twisted vertex operator equation ( p.l6ei| ) evaluated at the reference point. 

The next step is to invert Eq. ( |2.19a| ), which allows us to express the quantity G-^-{T,a) in 
terms of the twisted vertex operator g+{T, z, a) 



G+{T, a) = V. {T, z, ar'g+{T, z, a)vf (T, z, a)-'V+{r, z, a)-' z~^^'^''^^ 



(2.23) 



Using the twisted vertex operator equation ( 2.16a ), it can be checked that the right side of ( 2.23| ) 
is independent of z as it should be. 

Continuing to follow the strategy of Ref. [12|, we note that the relation ( |2.23| ) allows us to 
compute the commutator of the twisted current modes with the quantity Gj^{T , a). In particular, 
the twisted current algebra ( |2.7d| ) as well as the relations 



[Jn{r)iJL{'m + ^), g+(T, z, a)] = g+(T, z, cj)7^(^)^z™ ''M 



(2.24a) 



E ^nMM;-n(r-),5a-"('-)''^"(^'-> = Gnir)^Ms)sO''^'^''''^'^'' = V n(r) , /X (2.24b) 

5 s,S 



are needed for this computation, and the result 

fi(-r) 



is obtained after some algebra. 



(2.25) 



The algebra (2.25) can in fact be solved to obtain the explicit form of the quantity G^{T, a) 

G+{T,a) = f(T, Jo(0),cj)e^^''(")^0'^ (2.26a) 



[r{cy)Jnis)u{n + ^.)]=i6^Jn,o8nis)fl, ['Z^(^), ^ (^)] = 



(2.26b) 



[f(r, Jo(0),a),T„(,)^] = [f(T, Jo(0),a),4(,),(n + ^)] =0 (2.26c) 

where q'^ia) is a "coordinate" conjugate to the "momentum" Jo/i(0), and F is a sector-dependent 
Klein transformation (cocycle) which is a so- far undetermined function of %i(^r)fj. ^-nd Jo/i(0). 

The periodic forms of Eqs. ( |2.26b| ) and ( p.25| ) are 



(2.27a) 



[Jn{r)^,im + ^),G+(T,a)] = G+{T,a)5 n{r)_ T^(r)i, 

p(a-) ' 



(2.27b) 



where ( p.27b| ) follows from ( p.27a|), ( p.26a| ) and the periodicity ( 2.14h| ) of the twisted representa- 
tion matrices. The relations ( |2.27aD and ( ^.27bD are consistent with the periodicity ( 2.7e ) of the 
twisted current modes, and reduce to ( |2.26b| ) and ( p. 25 ) in the fundamental range 



n ^ n. 



2.3 Summary of the twisted left-mover vertex operators 

Assembling our results above, we summarize our solution for the twisted vertex operators 
{g+{T{T,a),z,a),M T)} in sector a of Aca.rta.ng{H) / H 



g+{T,z,a) 



x^ioM{o)g«--MTo.^_(^^ z, a)y|°) (r, z, a)V+{T, z, a) 



(2.28a) 
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V- (T, z, a) = exp < 



-ImH — tH' ) 



r?i< — 1 



m + 



n(r) '^-n{r),v 



(2.28b) 



V:[°^(T,z,cj) = exp <( 



^ — lli 



ni>l 



(2.28c) 



Vj^{T , z, (j) = exp < 



— (m+— 



m>0 



m + 



ft(r) '^~n{r),u 



(2.28d) 



[Jn{r)t,{m + ^), J„(,)^(n + ^)] = (m + ^)'5„+„+nM+^ o^"(^V;-"M,'^(^) 

p(<t) ' 



(2.28e) 



['?^(cT),J„(.).(n + ^)]=i<5^;5 „(.) 



fe"'^(a),g^(a)]=0 



(2.28f) 



CT = 0,... ,iVe-l 



(2.28g) 



where ^. (o"), ^ ((t) and the twisted representation matrices T = T{T,a) are given respectively 
in ( |2.8b[) , (|2.8d| ) and ( 2.14| ). The commutators of the twisted current modes and the Virasoro 
operators with the twisted vertex operators are found in Eq. ( 2.14 ). Using this solution, our 
assumption (|2.17|) is easily verified. 



Another form of the prefactor in ( |2.28aD is obtained with the relation 



(2.29) 



which is the abelian limit of the consistency relation (6.20a) in Ref. |10|. 

Twisted vertex operators are very old 14 1 and twisted vertex operators related to ours 
have been studied in mathematics (see e.g. Ref. [|^, [l^) and physics (see e.g. Ref. |j|]). 
We emphasize however that our solution ( 2.2^ ) tells us exactly which twisted vertex operators 
{gj^{T{T,a), z,a),y T} appear in each sector a of all the abelian orbifolds in our class. 



2.4 Properties of the twisted vertex operators 

The twisted vertex operators (|2.28|) of AcartangiH)/!! satisfy the following properties. 
• Untwisted vertex operators 

In the untwisted sector cr = of each orbifold we know that 

C/(0) = c/(r,o) = 1, n = 0, x(o) = i 



(2.30a) 



J = J, g = G, 



T = T, r = r, 



q = Q, 9+= 9+ 



(2.30b) 
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and so the twisted result ( |2.28| ) reduces to the Fubini-Veneziano vertex operator [17| 

g+(r,z,o) = r(r,j(o))e 



exp I Yl 



m>l 



exp 



m) 



m 



-n (2.31a) 



[Ja(m), Jfc(n)] = mGabSm+n,o, [q", Jbin)] = iS^Snfi, [q", q^] = 



(2.31b) 



[Tq, Tf,] = 0, a, 6 = 1 . . . dim(Cartan (/) 

where the representations {To} are the Cartan matrices of the ambient Lie algebra g. 
• Alternate form 



Returning to (|2.28|) , the alternate form of the twisted vertex operators 



9+{T 



(2.31c) 



(2.32a) 



/3"W'^(z,a) 



m] 



m 



+ < 



n{r)fj,;—n{r),u 



(r) 



-(?n+ // ) 



mGZ 



m + 



5n(r),0 



(1 - <5^(,),o) (2.32b) 



-n r 



-n(r) 



p(cr) — n(r) when n(r) 7^ 
when n(r) = 



(2.32c) 



defines a twisted Fubini-Veneziano field /3 for each sector a of Acs.rta.n g{H) / H . The mode ordering 
M defined here in ( ^.32a ) is the left to right ordering {g, J(0), — , +} given explicitly in ( 2.28a ). 

• Intrinsic monodromy 



For general WZW models [12| and WZW orbifolds |10| the intrinsic monodromy of the twisted 
affine primary fields is quite complicated, but this property is easily computable in our abelian 
limit. From Eqs. (2.28) or ( 2.32| ) we find the intrinsic monodromy of the twisted vertex operators 



g+{T,ze'^\a) = E{T,a)g+iT,z,a)E{T,a)* 

n(r 



.N(r) 



i?(r,a)^(,)/W- = 5^M/(^)'^i?;vM(r,a), i?^(,)(r,a) = e 



N{r)\ 



To obtain this result, we used the solution ( |2.14j ) of the T-selection rule in the form 



e '"V(-) T .(T, a) = E{T, a)T_^u.jT, a)E{T, a 



Mr) 



2(r) 



(2.33b) 



(2.34a) 
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To^(r, a) = E{T, a)To^(r, a)E{T, a)* (2.34b) 
V±{T,ze^''\a) = E{T,a)V±{T, z,a)E{T,a)* (2.34c) 
y|°^(r,ze2^Sa) = E(T,a)vl°\T,z,a)E{T,a)* (2.34d) 

[i?(r,a),f(r, Jo(0),(t)] = [E{T,a),G+{T,a)]=0 (2.34e) 

where the relations ( ^.34dD ,( |2.34e| ) follow from the special case of the T-selection rule in (|2.34b| ). 
Similarly we find the intrinsic monodromy 

. 7t(r) 

/3"M'^(ze2-,a) = /3"W^(z, c7)e'"VM + 4(,),o27rigO^'0^(a) Jo.(O) (2.35) 

of the twisted Fubini-Veneziano field /3 in ( p. 32 ), and the T-selection rule ( |2.34a ) guarantees 
the consistency of this monodromy with that given in ( |2.33| ) for the twisted vertex operators 
themselves. 

• Braid relations 

The following exchange operations 

vi^T«,.,,a)y4T(^\^2,a)=y4T(^\^2,a)vi^T«,.i,a)(l-j) " 

(2.36b) 

V+{T('\z,,a)V.{T(^Kz2,a)=V^{T^^\z2,a)V+{TW,z,,a) (2.36c) 



X exp ^ r;j!)^g"«^^-"M'^( 

p(o 



[■y dx -Mi) ^ 
I«M(y,oo)=/ xP(<^)=-Y,- iT^T' \y\>^ (2.36d) 



hold for l^il > \z2\ and cr = 0, . . . , A'^c — 1. The integrals In(r)/p{<j) were encountered in Ref. ||I0[ 
and evaluated as indefinite integrals in the last appendix of that reference. 

• Operator products 

Using ( |2.36| ) we find that the exact operator products of the twisted vertex operators for F = 1 
5+(T«,zi,a)g+(T(2),z2,a)=:5+(T«,zi,a)5+(T(2),z2,a):MS(r«,T(2);zi,^2) (2.37a) 

i3(T«,T(2);zi,.2) 

- ,f '^"^""('^^^o^^ - ^nir),o)In^ (t , oo) I (2.37b) 

L p(ct) J 

:5+(T«,zi,a)5+(T(2),^2,a) :m 

xV^^\T^^\zi,a)vi^\T^^\z2,a)V+{T^^\zi,a)V+{T^^\z2,a) (2.37c) 
also hold for |zi| > |z2|, o" = 0, . . . A'^c — 1. The quantity F{T , a) is defined in (^30b|) . 
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2.5 Correlators of the twisted vertex operators 



The ground state conditions in Eq. ( p. 11 ) imply the further conditions on the partial currents and 



the components of the twisted vertex operators 

Jnir),i^M^ = MJ-^r)^^) = (2.38a) 

vf{T,z,a)\0)^ = V+{T,z,a)\0)^ = \0)^, ^{0\V^(T, z,a) = ^{0\ (2.38b) 
and these conditions allow us to evaluate the correlators in sector a of Aca.niing{H)/ H: 

A+{T,z,a) = (5+(T«,zi,a)---5+(r(^),z^,a)),, a = 0, . . . , iV^ - 1 (2.39a) 

X n - ^nir),o)lHr) {^^,oo) I (2.39b) 

C+{T,a) ^ (G+(T«,a)---G'+(TW,a)), (2.39c) 



{[Jo,{0),G+{T^'\a)---G+{T^^\a)]), = ^ C+iT , a) (j^Jo^j = 0, V^. (2.39d) 

Here we have used the residual symmetry generators Jo^(O) to include the global Ward identities 
in ( 2.39d| ). Note that the global Ward identities can also be written as 



Y,Tof]c+{T,a) = 0, V// (2.40) 

because the twisted representation matrices commute with gj^. Similarly, the constant factor 
C+(T, a) can be moved to the right in ( |2.39b| ). 

Another relation on the constant factor C+(T, cr) follows from ( |2.34e ) 



[Ei{T}, a) , G+ (T(i) , a) • • • G+(T(^) , a)] = ^ [E{{T}, a), C+ (T, a)] = (2.41a) 

Ei{T},a)^<S)^^,EiT^p\a) (2.41b) 

where the eigenvalue matrix E{T,a) is given in ( |2.33b| ). 

We finally note that the orbifold correlators ( |2.39| ) satisfy the twisted KZ -like equations 

d,A+(T,z,a) = A+(T,z,a)W^iT,z,a), a = 0,...,N,-l (2.42a) 
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n(r) 



"Hp 



n{r)iM —n{r),u p(cr) n(r)fi —n(r),i/ 



(2.42b) 



N 



(2.42c) 



as they must because these equations follow directly from the twisted vertex operator equation 
(2.16a) and the ground state condition ( |2.11 ). 



This completes our general discussion of the left-mover sectors of the abelian orbifolds ^cartang(-f^)/-f^; 
and we turn in the following sections to specific examples in Aca.rta.ngiH)/ H . The right-mover 
sectors of ^cartang(-f^)/^^ are considered in Subsecs. and 2.10. 



2.6 Example: Abelian permutation orbifolds 

In this subsection we study the abelian permutation orbifolds 



^Cartan n 



H 



(permutation) C Aut(Cartan (7) 



(2.43) 



as a special case of our large example Acartan g{H)/H. In the permutation-symmetric theory 
^Cartan g (-f^) ) the permutations act among the copies Cartang-'^ of Cartang 

Cartan^r = ©^"^Cartang-^, Cartan g^ ~ Cartan g, K<N (2.44a) 
il(permutation) C Sn, ki = k, xi = x, vi{i)b{i) = Vab, (2.44b) 

[Ta,Tb]=0, a,b = l... dim(Cartan g) (2.44c) 

where Ta are the Cartan matrices of Cartang C g. 

For the WZW permutation orbifolds it is conventional |l^] to use the notation jj = aj, 
a = 1 . . . dim g for the degeneracy indices of the ff-eigenvalue problem, and it is known [^] for 
the extended if-eigenvalue problem ( ^.15 ) that i2(cr) = p{<j) and N{r) = n(r). For the abelian 
permutation orbifolds we know that g — > Cartang so the corresponding relabelling for the abelian 
permutation orbifolds is 

n{r)fj, ^ n{r)aj, N{r)fj, ^ n(r)aj, o = 1 . . . dim(Cartan g), a = l...dimr (2.45) 

and then the explicit form of all the required duality transformations can be read off as the abelian 



limit of those given for the WZW permutation orbifolds in Ref. [10|. It will be helpful here to 
introduce the further spectral index relabelling n(r) — > j 



n{r)aj 



jaj, N{r)aj 



J a J 



(2.46a) 



N{r) n{r) j 



R{cj) p{a) f,{ay 



j = 0,l,... ,A(ct)-1, 



K <N 



(2.46b) 



14 



cj = 0, ... ,A^c-l (2.46c) 

where the correspondence ( p.46b| ), ( |2.46cj ) was also given in Ref. [10|. In this notation, each 
element S //(permutation) is expressed in terms of disjoint cycles j of size and order fj{(j), 
and the hatted index j runs inside the disjoint cycle j. The disjoint cycles are labelled periodically 
j ^ j i: fj{cr) so that j in ( |2.46bD is the pullback of j to the fundamental range. As an example 
we recall @ the data for i/ (permutation) = Sn 

n((T)-l 

K = N, f,{a) = aj, aj+i < aj, j = 0, . . . , n{a) - 1, ^ a,- = (2.47) 

j=0 



and the data for //(permutation) = Zx is included in Subsec. \2.7\ 
Then we may read the following results directly from Ref. ||lO||: 



Jnir)a,i^) ^^Jaji^)^ '^hj^^^^'^ = ^^^^ ^h^^^^ ^ ^±f.i^),a,i^ = ^ (2.48a) 



meZ 



(2.48b) 



Qn{r)i.,n{^)v{.'y) ^ %aj;f M = % , mod/, (<x) ' ^j(^)=^/i(^) (2-48c) 

gnW,;n(.).(^) - (^) = ^'^^''^M ,0 mod/, (.) (2-48d) 



[•^iai("^ + 7^)' '^fw(^ + 7;W)] = '5j-«%(^)^afe(m + (2.48e) 

T^M^ = Tat„(.)^(a) ^ T;.^. =T,t^.(^7), [7;.^^.(r,a),7^-,/T,a)] =0 (2.48f) 

\Ta,n = 0, ij/^)t^~,(a) = 5jitj+i,M)^ *i±/.W,/^) = %(^) (2.48g) 

i,%(f^)f/'^'" = '^vi'^r^^ ~n (2.48h) 

'II J'- I- j+l —m ,0 mod fj ((7) ^ ' 



[J^aj{^ + jf(^)r9+{T.z,a)] = u{T,z,a)Tat^^{a)z -"/.W (2.48i) 



[L<,(m),5+(T,z,a)] =z"(za, + A(T)(m + l))9+(T,z,a), il^^^ = A(r)5f (2.48j) 
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a = l...dim (Cartang), j = 0, . . . , fj{a) - 1, 1 = 0, . . . , fi{a) - 1 . (2.48k) 

Relative to Ref. the only differences here are the abelian form of the twisted current algebra 
(2.48e) and the fact that the Cartan matrices Tq of g commute. The quantity A(r) in ( p.48j| ) is 



the conformal weight of untwisted representation T under untwisted Cartan g. Note that, as in 
the nonabelian case, j and / are semisimplicity indices for the twisted current algebra. See also 
App. which solves the iif-eigenvalue problem for all permutation groups in this notation. 

The spectral index relabelling helps to simplify many of the sums encountered in our general 
discussion above. For example, we obtain for the Virasoro operator and ground state conformal 
weight Ao(<7) of sector a 

jrnir)arMs),M^^) ^ = ^^i+f , mod/, (.) (2-49a) 



2kj{a) 



(2.49b) 



c{a) = c = E:dim(Cartan0), Ao(a) = dim(Cartang) ^ ^^^^^^ _ ^^^^^^^ 

where : • :m is mode normal ordering ^, |ll|, |^, ^]. Here we used /i(r) = fj, = aj and the 
identity 



to obtain ( 2.49c| ) from ( 2.13c ). The result ( ^.49c ) is the abelian limit of the formula given for 



each sector of all WZW permutation orbifolds in Refs. Q and []l0| . 
Similarly, we find that the following identities 

E E T7^%(^)=E%('^) = ^' (%/' = 4'^M,0mod/,H (2-51a) 

a"('-)"^'-"(^)''(a)r„(,),,r_„(,),M = 2A(r)]i, g^''rm^^^roaj%u = 2A{t) j^M''^ 

(2.51b) 
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Qn{r)aj--n{r)bl( \ilir)n- n- 



n{r),bl 



->n(r)aj ■,—n(r)bl 



{<^)%.{r)aj'^-n{r),bl(^ ~ ^n{r),o) 



(2.51d) 



are useful in simplifying the general twisted vertex operators and correlators above. Closely 
related identities and simplifications are given for the nonabelian case in App. There we also 
include the spectral integer relabelling n(r) — > j of the twisted KZ equations given in Ref. for 
the WZW permutation orbifolds. 

Then we obtain from Eq. ( |2.28| ) the explicit form of the twisted vertex operators in each sector 
cr of the abelian permutation orbifolds 



g+{T,z,a) 



-A{T)(l-E,T^) 



X exp 



m + 



— t ^ .[a 



X exp I -^4^ Yl TJn\ E '^oaj(m) ^tQj{a) 



m 



^""p "VE E ^E4.(- + 7i) 



m>0 



— (m+ J / \ ) 

I — 

m + 



f3{<y) 



(2.52a) 



Si (<^) ' 



(2.52b) 



fj ("■) ' 



(2.52c) 



a = 1. . .dim(Cartan0), j = 0, . . . fj{a) - 1, Yfj{a)=K<N 



(2.52d) 



a = 0,... ,Nc-l 



(2.52e) 



The commutator of the twisted current modes with the twisted vertex operators is given in 
Eq. ( |2.48e| ). The twisted vertex operators (2.52) can be written in a j-factorized form 



g+{T, z, a) = f (T, Jo(0), a) J] ^ji'^^ ^> ^) 



(2.53a) 
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X exp 



X exp 



X exp 



kfj{a 



j—Q m< — l 



m] ^07(0") 

m 



' j^i m>0 



m + 



(2.53b) 



[VjiT, z, a), Vi{T, z, a)] = when j / ^ 
which reflects the semisimphcity of the abehan orbifold afline algebra ( |2.52cD . 



(2.53c) 



Using ( 2.37 ) and ( 2.51 ), we also give the explicit form of the operator product of these twisted 
vertex operators at F = 1 

,Z2,0-) -.M 

X z-, 
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X exp 



j j=i 



(2.54) 



where the integrals In{r)/p{a) ^-re defined in Eq. (2.36d). Similarly, we obtain the explicit form of 
the twisted left-mover correlators 



A+{T,z,a) ^ (5+(T«,^i,a)---5+(T(^\^iv,^T))c 



C+(T,a) H- 



-A(T(p))(i-E,7^4^'W) 



n 

.p<K 



j j=i ■'^^ ' fii'^) 



-A(T{P))(l-^)4fM 



n 

.p<K 



(2.55b) 
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N 



C+{T, a) T^'^toji^) =0' a = 1 . . . dim(Cartan5), V j, a = 0,... ,N,-1 



(2.55c) 

as a special case of ( 2.39| ). The j-factorized form ( 2.55b| ) of the correlators again reflects the 
semisimplicity of the abelian orbifold affine algebra ( |2.52cD . 



2.7 Subexample: Abelian cyclic permutation orbifolds 

We may be more explicit for the case //(permutation) = by substitution of the data 



K = \, fj{a)=p{a), j = r = 0,... ,p{a)-l, j = 0, . . . 

a = 1 . . . dim(Cartanfl), cr = 0, . . . , A — 1 



(2.56a) 
(2.56b) 



into the more general results above. Here p{a) is the order of ft-o- G I^x, and we have also changed 
J — > r in accord with the prior convention |2|, ^, 11, 10| for cyclic orbifolds. This gives the 
results for each sector a of the abelian cyclic permutation orbifolds j4cartang(^A)/^A: 

-2ni- " 



(2.57a) 



^"^""^ = ^ E E • '^--^(P + lK^)J-r,bji^ -P-TW)) +'^m,oAo(cT) (2.57b) 



c(a) = c = Adim(Cartan0), Ao(o") = — dim(Cartang) ( 1 ^— — ■ 

24 V P i'^) 



(2.57c) 



Traj (T, a) = Tatrj {(j) , [Traj (T, a) , TsU (T, a)] = 
[Ta,Tb] = 0, tr±p{a),j{o') = *rj(o"), trj{cr)sl^"^ = SjlSY^Sr+s-t,Omodp{<T) 

.P(g)-1 



A 



g+{T,z,a) = z "^^"^^ ^(-) r(T, Jo(0), cT)e"'' 



(2.58a) 
(2.58b) 



X exp 



J2 ^raj{m+^] 
r=0 j=0 ■m< — 1 



p((t)A; ^ ^ '""^ m + 



— ^-r,j(0") 



'^^ ' j=0 m>l 



X exp 



r=l " " " 



j=0 m>0 



7 — 



(2.58c) 
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J, 



(2.58d) 

(2.58e) 
(2.58f) 



(5+(T«,zi,a) •••5+(TW,^7V,ct)). 



/ _£(£)^A(T(''))' 



n 

P<K 



X exp 



p{a)k 



oo 



r=l j=0 



(2.59a) 



N 



C+(T,a)|^ri'')4^)(cT)| =0, a=l...dim(Cartan0), j = 0, . . . - 1 . (2.59b) 



The j-factorized forms (see Eqs. ( ^.53| ) and ( ^.55bD ) of these twisted vertex operators and corre- 
lators are also easily obtained. 

When A=prime, these results simplify in the twisted sectors because 

p{a) = A = prime, f, s = 0, . . . , A — 1, j,l = 0, a = 1, . . . , A — 1 . (2.60) 
In this case it is conventional to suppress the degeneracy indices j, I = 0, and we obtain: 

Jra = JraOi "^raO = "^ra — Tatri ty = tj.((T) (2.61a) 



Jraize'^''") = e ^""'KJraiz), Jr±\,a{z) = Jra{z) 



(2.61b) 



[Jra{m + 5), Jsb{n + f )] = kXr]ab{m + x)'5^+„+I+£_o' Jr±X,a{'^ + ^) = Jra{m ± 1 + ^) 



(2.61c) 



1 



A-l 

\ ^ \ ^ nb 



^"'^^'^ ^ 2k\ ^^^^ ' ^ j)J-r,b{^ -P - j) -M +5m,oAo(o-) 

r=0 pGZ 



(2.61d) 



Ao(cj) = ^dim(Cartan0) - ^ 



(2.61e) 
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[Jraim + j^),g+{T,z,a)] = g+iT,z,a)Tatrz'^+J (2.61f) 

trts = ir+s, tr±\ = tr, (ir)s* = ^r+s-t,OmodX, to = 1 . (2.61g) 

a = 1 . . . dim(Cartang), f, s = 0, . . . , A — 1, a = 1, . . . , A — 1 . (2.61h) 

Note that these relations are independent of a. This extends a well-known fact [|| about A=prime 
cyclic permutation orbifolds - abelian or nonabelian - that their twisted current-algebraic formu- 
lation is independent of a in the twisted sectors. 

Indeed, defining q = q{a) and taking a c-independent Klein transformation T we find the 
(T-independent twisted vertex operators and correlators 



r=Om< — 1 ^ 



X exp — V Joa{m) 

' Ak ^-^ m 



m>l 



"""P I " AT E E '^™("^ + 1 (2-62a) 

r=l m>0 



[r,Jrbini + ^)]=i6^6^^r,,^, [g^g1=0, , a = l,...,A-l (2.62b) 
(^+(T«,zi,c7) •••5+(TW,^iV,cT)). 



c.(T)in^;^^'"'")(n 



\p<K 



X 



n L ^ E ^'r^'^-l^i ' -) (2-63a) 

p<K L r=l ) 



N 



C+(T) |^^r^(^)j = 0, a = l...dim(Cartang), cj = 1,...,A-1 (2.63b) 

in each twisted sector of these orbifolds. 

Finally for the special case (permutation) = Z2 we find for the single twisted sector a = 1 

Joaize^n = Joa{z), ^(ze^-) = -Jia(z), Aq = -^^^(Cartang) (2.64a) 

lb 
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KP<K 



N 



C+{T) Tj^) j =0, a = 1 . . . dim(Cartan g), 4'' = = (2-64c) 
where ri is the first PauH matrix. Here we used the identities 

given in Ref. |10|. 

2.8 Example: The inversion orbifold Acartansu(2)(^2)/^2 

The orbifold we consider here is a version of the outer-automorphic inversion orbifold 

u(l) _ 



Z2 



J{z)' = -J{z), a=l. (2.66) 



In particular, we study the realization of this orbifold obtained by embedding the u(l) in an 
ambient su(2) 

^Cartansu(2)(^2) , y , , /o flVA 

: J3(z) = -hiz), a = 1 (2.67) 

which is a simple example in our class of abelian orbifolds. Note in particular that this embedding 
promotes the outer automorphism J{z)' = —J{z) of the abelian current algebra into an inner 
automorphism of the ambient 5u(2) current algebra. 

In this case the c = 1 stress tensor and untwisted currents of the symmetric CFT are 

T[z) = ^ : Uz)Uz) :, Uz)Uw) = ^ + 0{z - wf (2.68) 

[Z VO ) 

where k is the level of the ambient affine su(2). The solution to the H -eigenvalue problem in the 
twisted sector is very simple 

ujU^ = U^E : E = uj = -1, p = 2, n{r) = -n{r) = 1, = 1 (2.69) 

and, choosing the normalization x = !> we obtain the simple duality transformations 

Gh-i = G''-' = \, = ^ . (2.70) 
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Then the twisted sector of the orbifold is described by the c = 1 stress tensor and twisted currents 



nz) = ^: Ji(z)J_i(z):, Ji(ze2-^) = -Ji(z), Ji±2(^) = Ji(^) (2.71a) 
Ji(z) = ^ Ji(m+i)z-('"+5)-i, Ji±2(m + l|2) = 1) (2.71b) 



^(""^ " • '^i(P+l)'^-l('^-P - -M +^m,0^ (2.71c) 

[Ji{m + i), Ji(n + i)] = /c(m + i) 5m+n+i,o, ^("i + i)''" = J^i{-m - 5) = Ji(-m - 1 + 5) 

(2.71d) 

Ji((m + i)>0)|0) = (0|Ji((m + i)<0) = 0, {L{m > 0) - dm,o^m = . (2.71e) 



as a special case of (2.12). This much is standard |18, ^ for any version of the inversion orbifold 

U(l)/Z2. 

In current-algebraic orbifold theory, the representation theory of the orbifold begins by finding 
the action W{hij',T) of £ H in representation T, which solves the linkage relation [^] 

W\K;T)TaW{K;T) = w{K)J'n, uo{K), W{K- T) G H (2.72) 

given the action uj{hcr) of her G H in the adjoint (see Eq. (0)). For our realization ^cartansu(2)(^2)/^2 
of the inversion orbifold, we introduce the weight basis of the ambient su(2) 

[Ta,Tb] = ieABcTc, , = 1,2,3, £123 = 1 (2.73a) 

{TA)m'"' = {jm'\JAmjm), {TsU'"^ = m6Z, \m'\,\m\ < j, j = 0,^,1,... (2.73b) 

where we have chosen root length = 1. Then the linkage relation and its solution for any spin 
j are 

W\T)T3W{T) = -Ts, W^{T)W{T) = 1 (2.74a) 

vvm^e-, «m ^ HO) ^ { : irsie. . ("^^> 

where R{T) is the order of W{T). Note that W{T) G SU{2), which reflects our promotion of the 
outer automorphism ( p. 661 ) to an inner automorphism of the ambient su(2). The affine cutoff is 
j < x/2, X = 2k in this case. 
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The next step is to solve the extended H -eigenvalue problem ( 2.15| ) for representation T. In 
this case, the extended /f-eigenvalue problem and its solution are 

j 

W{T)n'''u\T)n>'^ = U\T)J-Em{T), \n\,\m\ < j (2.75a) 

n'=-j 

N(r) 

U^T) = e-'^^\ Em{T) = e^"*^ = e~^"'«^, N{r) = -2mR{T) (2.75b) 



where U\T) is again in SU{2). Then we may use ( |2.14e ) to obtain the twisted representation 
matrices T in the twisted sector 

Ji{z)g+{T,w) = i±^^2^T{T) + 0{z-wf (2.76a) 
z — w 

T{T) = T±i{T) = U{T)T3U\T) = -T2, ^(T)™,'" = C^'™ (2.76b) 

r(T) = -E{T)T{T)E*{T) ^ (T2)^'™(1 + g^^^™'"'")) = (2.76c) 

where the T-selection rule in ( |2.76cD is self-evident because {T2)m'^ satisfies |Am| = 1. 

Using this data, the twisted vertex operator equation and its solution, the twisted vertex 
operators 

dg+{T,z) = J : Mz)g+iT,z) :m -^J+{T,z), T ^ T{T) = -T^ (2.77a) 
g+{T,z) = z-2kexp\-- M'm + k)——^\exp\--}2M'm+k: 



k ^ ^ m + i / \ k ^ ^ m + i 

m< — 1 / \ m>0 ^ 



(2.77b) 



[Ji(m+ i),5+(r,z)] = 5+(r,z)rz-+5, [L(m),5+(T,z)] = [zd, + ^("i+ 1)) 5+(T,^) 

(2.77c) 



(2)t-(1) 



7-1,2)7- 



5+(T«,.i)5+Cr(^\^2) =: ^+(T«,^i)5+(T(^\^2) :m ' (2.77d) 



can be read off (ignore all structure with zero twist class n(r) = 0) from Eq. (2.16a), the general 
results of Subsecs. |2^ , p74| and the identity ( |2.65| ). 



Similarly, the correlators of the twisted vertex operators 

(S.(r«», a,(r<-), = [ n .;4-"'-"') n ( ^^-^) ^ (2.78) 

are easily read from the data and Eq. ( p.39| ). The absence of a global Ward identity is another 
consequence of the absence of zero twist class in the inversion orbifold. 
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2.9 The twisted right-mover sectors of Aca.rta.ngiH)/ H 



We turn now to the twisted right-mover sectors of our class Acartan giH)/H of abelian orbifolds, 
whose description may be read off as the abelian limit of the right-mover sectors of the general 
WZW orbifold in Ref. [|lO|. 

One finds in Ref. [^] that the twisted right-mover currents 



(2.79a) 



n(r) s 



Jn{T)±p{a),^,{z, a) = Jn{r)^,{z, Cf), Jn{r)±p{a)A^ + p{a) ) = -^nW^l"^ ^ ^ + ^) (2-79b) 

have the same monodromies as the twisted left-mover currents when the same path is followed. 
Moreover, the twisted right-mover Virasoro operators, twisted right-mover current algebra and 



ground state conformal weights are easily read from Ref. |1C] 



n(r) " 



-n(r) 

+(>m,0 - , . I 1 



-n{r) 



2p{a) \ p{a) 



^n(r)fi;—n{r) 



Ua)} (2.80a) 



[Jnir)p{m+^),Jn(s)u{n+^ 



n{s) ^ 



P{o") 



(2.80b) 



Jnir)p{m + < 0)|0). = .(0| J„(,)^(m + ^>0)=0 



n(r) 



(2.80c) 



(L,(m > 0) - 6m,o^o{cTm^ = 0, Ao(a) = Ao{a) 



(2.80d) 



where M normal ordering is defined in that reference and — n(r) and Ao(o") are given respectively 
in ( ^.32c ) and ( 2.13(j ). The central charge is c{a) = c{a) = c. Similarly, the setup for the twisted 
right-mover vertex operators g- (T, z, a) 



[Jn(r)p{m+'-^),9-{T,z,a)]=-z '■"^pM'T^(^,.)^g^{T,z,a) 



(2.81a) 



[L^{m),g^{T,z,a)]=z"'{zd, + V{T,a){m + l))g,{T,z,a) (2.81b) 



dg-iT,z,a) = -g 



n{r)fi;—n{r),u , 



'^)T-n{r),u ( : Jn{r)p{z)g-{'T,Z,a) -.^ -Tn(r)pg-{'^ , Z , (t] 



(2.81c) 



: Jnir)piz)g-(T,z,a) -.j^ = J^(^^^^{z)g^{T,z,a) + g-{T,z,a)J^^^)^{z 



ir)p\ 



(2.81d) 
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Jnir),{z) ^ E Jn(r),{m - ^)z^'^-'£) (2.81e) 



m>0 



= E - ^)^-^'"'^"^''^"' (2.81f) 



m<0 



is easily read from Ref. |]10|. The twisted representation matrices T{T,a) and the twisted con- 
formal weight matrix 2?(T, a) are given in ( |2.14| ). Again, we assume that the twisted right-mover 
vertex operators g- (T, z, a) are square matrices which commute with the twisted representation 
matrices T = T(T, a). 

Note the minus sign on the right side of the twisted right-mover current algebra ( 2.80b| ). This 



sign change (relative to the twisted left-mover current algebra ( p.7dD ) is a universal phenomenon 
[10 1 in the right-mover sectors of all current- algebraic orbifolds. It is known for permutation 
orbifolds (and we will check below for the inversion orbifold) that the twisted right-mover current 
algebra is rectifiable to a copy of the twisted left-mover current algebra (see also Subsec . 
More generally, it is known [^] for all current-algebraic orbifolds that the twisted right-mover 
current algebra of sector cr <-> /lo- is isomorphic to the twisted left-mover current algebra of sector 
h~^. Here we exploit this isomorphism to solve the twisted right-mover vertex operator equation 

dmi). 



Following Ref. |]10[, we first define the mode- number reversed right-mover currents 

Jnir)M + ^ >"-n(r),^(-rn " ^) (2.82a) 

= ^nW,M;-nW,.(^) • (2.82b) 

p{o-) ' 

Here is the twisted metric of sector h^^, which satisfies 

^n(r)/i;n(s)f ('-'') ~ S —n(r),^;—n(s),i>(.^") ^ ^n{r)+n{s),0 niodp{a) i ^n{r)ii;—n{r),u{^) Sn(r)u;—n(r),^{'-^) • 

(2.83) 

We will also need the inverse of G{cr) which satisfies 

= '5n(r)/^'^^ gn(r)M;-n(0,.(^) = gnir).;-n(r),, ^^-^ (2.84a) 

E ^~n(.)M;-n(r)5(cT)a-"('')'^"('')'^(a) = 5/ . (2.84b) 
S 

When the twisted right-mover current algebra is rectifiable one finds that G{(t) = G{o'), but we 
will not need this fact here 

We can also extend this isomorphism to the twisted representation matrices: 

^ R , n{r) 
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-R 



by rewriting Eq. (2.81a) in terms of J and the matrices T. This relation is isomorphic to the 
analogous left-mover result ( p.24a| ) because T commutes with g-. 

Finally, the twisted right-mover vertex operator equation takes the form 



^ IV — "^--r — IV. - ( \ 



m< — 1 



.R + 



R 



— -Lv -r — — ^ — ix. - ( \ 



m>0 



(2.86a) 



-_R_ _ -_R-_ _ 

Jnir)fi(.z)g-{T,z,a) -.M = Jn(r)fM(.z)g-{T,z,a) + g^{T,z,a)J^(^^)^{z) (2.86b) 



(2.86c) 



(2.86d) 



where we have changed variable n(r) —n{r) to obtain ( |2.86a| ) from ( ^.81c ). 

This completes the isomorphism with Eq. (|2.16|) and allows us to read off the twisted right- 



(2.87a) 



mover vertex operators of ^Cartang(-ff)/-f^ on inspection from the left-mover results 

-R 



z ^ z. 



T ^T, J ^ J 



r ^ r 



g^{T,z,a) 



y^z^Zmg'-^^-'^^'^[a)%,p_^f^ cT)Ff (t, z, a)V+{f, z, a) (2.87b) 



y_(T, z, a) = exp < 



R 



, nir) . 



m< — 1 



m + 



n{r) '^-n{T),v 



(2.87c) 



^(0) ~ 
V _^ (T, z, a) = exp < 



m>l 



(2.87d) 



V-^{T, z, a) = exp < 



^n{r)fj,;—n{r),i' 



(cj)(l - 5fi(^r),o) Yl '^n(r)i,i^ + ^ 



(r?i+— 7-4) 



m>0 



m + 



(2.87e) 



r (^), Jn(s)An + ^)] = i^'iS ^ iria), ri<r)] =0, a = 0, . . . , iV, - 1 (2.87f) 
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where F is an undetermined right-mover Klein transformation. The twisted mode algebra of J 
and the quantities Q, T are given in Eqs. ( ^.82|) , ( |2.83| ) and ( ^.85 ). At this point we verify our 



initial assumption that g- is a square matrix which commutes with the twisted representation 
matrices T. 



Using (2.87) we may now discuss for the twisted right-mover vertex operators all the properties 



given for the twisted left-mover vertex operators in Subsec. |2.4| . For brevity we confine ourselves 
here to the following three topics. 

• Intrinsic monodromy of the right-mover vertex operators 

The monodromies of the twisted right-mover vertex operators follow the same line as given above 
for the left movers. The result in sector a of Aci^T-ts,^g{H)/H is 

g.{T,ze-^^\a) = E{T,a)g^{T,z,a)E{T,ay 



xe 



2^i(gnMM;-n(r)..(^)^t„(,)^r_„(,),,-Jo^(o)gO''iO-(<7)ro,) ^2 



e"p(-)T^nir),. = E{T,a)T_^^,)^,E{T,ar, a = 0,... ,N,-1 (2.88b) 
where the T-selection rule ( |2.34aD was used in the form ( |2.88b ). 



• Right-mover orbifold correlators 

The right-mover correlators of sector a of Acartan g{H) / H are: 

i_(T,z,a) = (5_(T«,zi,(j)---5-(T(^\^iV,cT)),, a = 0,... ,iV,-l (2.89a) 



\p<K 



X 

p<K 



n - ^Hr),o)Im ik^oc)\ (2.89b) 

L pier) ) 



C.{f,a) = (G_(t«,a)---G_(t(^),a))., G_(t, a) = f (t, J^f (0), a)e*^"('^)^«'' (2.89c) 



N 

{[Jol{0),G.{f^'\a)---G.{f^^\a)])^ = => I ^tJ^M C_Cf, a) = 0, V/.. 

(2.89d) 

As for the twisted left movers, the sidedness of the right-mover global Ward identity is irrelevant 
and we may equivalently write the right-mover identity as 

N 

C.{f,a)\Y,%f]=0, Vm (2.90) 

because T and T commute with the twisted vertex operators. Similarly, the constant factor 
C-{T, a) can be moved to the right of the z-dependent factor in the twisted vertex operators. 
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• In terms of untilded quantities 

Using ( ^1821) , ( p3D and (|l85| ), all the twisted right -mover results can be expressed in terms of 
the original untilded quantities J, Q and T . For example, one finds that 



Qn{r)^l■-n(r),u( \n{j±j' j- — nn(r)fi]-n{r),u ( \n(rl^ ^ 



(2.91) 



because the T's commute and G is symmetric. It follows that, under z ^ z, the first factor in the 
twisted right-mover vertex operator ( 2.87b| ) is the same factor we found for the twisted left-mover 
vertex operators in (2.28a). As another example, we give the result for the right-mover orbifold 
correlators 



\p<K 



n '^iS-V^"^^^"""^''^'^(-)^i:M,.(l - '^.(r),o)/nW (fc, oo) (2.92a) 

L p(ct) J 



N 



N 



Y,T^^]C-{-T,a) = C.{-T,a)\Y,Ti^\=^. V /z, a = 0, . . . , iV, - 1 (2.92b) 

in each sector a of all Acs.rta.a g{H) / H . 
2.10 Full non-chiral results 

Combining the twisted left- and right-mover results above, we obtain the full twisted vertex 
operators g = 5-5+ and their intrinsic monodromy in each sector a of AQ^^x.&n g{H) / H : 



g{T,z,z,a) = g-{T,z,a)g+{T,z,a), a = 0, 



(2.93a) 



g{T, ze-'^^\ ze^^\a) = E{T, a)g{T, z, z, a)E{T, (j)*e2'^*(-^OA.(o)+JV(o))G«''i«-'(^)ro. _ (2.93b) 
Here we used Eqs. (|2.33aD , ( p.88a| ) and (l2^ ) to obtain the result ( p.93b|) . Except for the last 



factor, which is a quantum correction, the monodromy (2.93b) is consistent with the classical 
monodromy 



giT, ze-'^\ ze'^\a) = E{T, a)g(T, z, z, a)E{T, a) 



a = 0,... ,Nc-l 



(2.94) 



obtained for classical group orbifold elements in Ref. |10|. 
For the full orbifold correlators A = we obtain 

A{T,z,z,a) = {g{T^^\zi,zi,a)---g{T'^^\zM,ZM,a))^, a = 0, . . . , A^, - 1 (2.95a) 



p<K 



p<K 



(2.95b) 
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TV 



N 



-ip) 



(2.95d) 



where the function F{p, k) is defined only for p ^ k and the global Ward identities ( ^.95d ) hold 
for all degeneracy indices p. As expected, the orbifold correlators ( 2.95| ) are symmetric under the 
exchange of any two full twisted vertex operators 



This is checked explicitly in App. Q where the identities 



In(r) {y,yo) = I p(a)-nir) [V , Vq ), I n{r) (V , Vo) = 



1 -l^ T r N 1^ dx 



yo 



X — 1 



-X 



(2.96) 



(2.97a) 



F{k,p)=F{p,k) + ^ 



(2.97b) 



(r)^ — n(r), 



are used to establish the required symmetry of F. The identity in (2.97a) was given in Ref. 



2.11 Example: More about the inversion orbifold 

The twisted left-mover sector of the inversion orbifold ^cartansu(2)(^2)/^2 was studied in Sub- 
sec. 2.8. Here we illustrate the discussion above by providing the corresponding twisted right- 



mover and non-chiral results for this simple case. 

Using ( p.SlcD , ( |2.87b| ) and the data ( |2.69| ), ( |2.70| ) we find the twisted right-mover vertex 



operator equation and the twisted right-mover vertex operators 

dg.{T,z) = -J ■■ Ji{-z)9-{T,z) -.^ -^9-{T,z), T = T{T) 



(2.98a) 



g-{T,z) = z 2fe exp I ^ ^ 7^(^ + 1) ^^^^" | T ^ 'h\rn + \ f 



-R 



m< — l 



m>0 



m + 



(2.98b) 



In this case, it is easy to check from Eq. (2.80b) that the mode-reversed currents satisfy a copy 
of the twisted left-mover current algebra 



[Ji(m + 2), Ji(n + i)] = -k{m + i)(5m+n+i,o 



(2.99a) 



30 



J^{m + 5) = J-i{-m - 5) = Ji(-m - 1 + 5) (2.99b) 

[Ji (m + i), Ji (n + i)] = A;(m + i)5„+„+i,o (2.99c) 
and hence that the mode-reversed currents provide a realization of the rectified right-mover cur- 



rents J of Ref. |10|. 



Combining the result ( p.98b| ) with the twisted left-mover vertex operators in (2.77b), we find 
the full twisted vertex operators g = g^g^: 

g{T,z,z) = |z|-^exp(^ ^ -^(jiV + i)z-("+5)-Ji(m + i)z-(™+5)) 

m< — 1 ^ 

X exp I ^ ^ -l^{j^\m + i)z-('"+5) - Ji(m + i)z-(™+^)) | (2.100a) 

m>0 ~'~ 2 J 

= \z\-^ : e^^'(^'^)^ :m (2.100b) 

#(z,z) = ^ ^ — ^(ji^(m + i)z-(™+^) - Ji(m + i)z-(™+^)) . (2.100c) 

Because the inversion orbifold has no zero twist class n(r) = 0, we find that the intrinsic mon- 
odromy of the full twisted vertex operators 

/3^(ze-2^^ ze^^') = -(3\z, z), T{T) = -E{T)T(T)E(T)* (2.101a) 

5(r,ze-2-,^e2-) = EiT)g{r,z,z)EiTr 

^ ff(T,ze-2-,ze2-)^,™ = e-(™'— )5(T,z,z)^,-, \m'\,\m\ < j 

(2.101b) 



is in agreement with the classical monodromy ( 2.94| ) of the corresponding group orbifold elements. 



In this connection we also use the results of Ref. to give the explicit forms of the group 
elements g{T), the eigengroup elements S{T) and the group orbifold elements g{T) 

g{T,z,z) = e*/^(^"'^)^3^ /3(z,z)' = -P{z,z) (2.102a) 

g{T, z, z)' = W{T)g{T, z, z)W\T) = e^^(^"'^)"^3 = g-i/3(f,^)T3 (2.102b) 

g(T, z, z) = U{T)g{T, z, z)U\T) = e^^(^"'^)^ = g-^^^^" ^^'^^ (2.102c) 

g(T,z,z)' = E(T)9{T,z,z)E*{T) (2.102d) 
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(2.102e) 



/3(ze-^^^ ze^^*) = -p{z, z), g{T, ze"^^*, ze^^*) = E{T)g{T, z, z)E*{T) (2.102f) 

in the classical theory of the inversion orbifold. Here the primed quantities are the responses to 
the inversion in the symmetric theory, and W{T), U\T) and E{T) are given in Eqs. ( |2.74 ) and 

(ill)- 



Continuing with the quantum theory, we give the right-mover and the full non-chiral correlators 
of the inversion orbifold: 



p / p<« 



27-(«)r(p) 

k 



(2.103b) 



Note that the intrinsic monodromy ( 2.101b| ) of the full vertex operators is consistent with the 
form of the full correlators, e.g. 

(5(T(i), zie-2-\ zie^-) • • • 5(T(^), z^e^-)) 
= (5(T«,zi,zi)---5(T(^\^7V,^7v)> (2.104a) 
= i?({T})(5(T(i), zi, zi) • • • g{T^''\-ZN. ZN))E{{T}r (2.104b) 

E{{T}) = ®^=i^(r('')), E{{T}y = (g)^^^E{T^P^)* . (2.104c) 

Here the equality (|2.104a| ) follows from the correlators (|2.103b| ) , while the equality ( |2.104b| ) follows 
from the monodromy ( p.l01| ) of the full twisted vertex operators. The agreement of the two forms 
follows from the T-selection rule ( p. 101b ) and the fact that the T's appear quadratically in the 
correlators. 

3 The Charge Conjugation Orbifold on su{n) 
3.1 Charge conjugation 



As our second large example, we apply the general results of Ref. [10| to study the (outer- 
automorphicp] ) charge conjugation orbifold on 5u(n) 

n > 3 . (3.1) 

One can follow our development through for the charge conjugation orbifold j4g„(2)(Z2)/Z2 as well, 
but in this case the automorphism is an inner automorphism and all irreps are real representations. 

*^At the level of characters, useful references for outer-automorphically twisted affine Lie algebras include [19-22]. 
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For accessibility in physics we will work in the standard Cartesian basis of su(n), with gener- 
alized n X n Gell-Mann matrices = Aq and real structure constants fab'^ = fabc 

[Aa, Aft] = 2iFabAc, fabc = VV^^afec, Gab = k5ab (3.2a) 

Tr(AaAfe) = 2,5,6, IV A, = 0, a,b = 1, . . . - 1 (3.2b) 

where -^/V'^ is the root length of su(n) and k is the level of affine su(n). The standard iterative 
scheme is assumed for the generalized Gell-Mann matrices of su(n > 4), so that e.g. Ag for su(4) 
has a 1 in the (1, 4) and (4, 1) entries. 

In this basis, the OPEs of affine su(n) are 



Ja\z)Jb{w) = H \-0{z-w)" 

[z — wY z — w 

7 ( \ i ( \ ifAijJj{w) 
Ja[,z)Ji[w) = vO{z-wy 



z — w 



(3.3a) 
(3.3b) 



k5ij ^ ifijAJA{w) , ,0 



Ji{z)Jj{w) = -. ^+ ' +0{z-wy (3.3c) 

[z — wy z — w 

Aeh = so{n), le^ = ^^ (3.3d) 

h so[n) 

where we have decomposed the affine algebra according to the symmetric space 

su{n)^ 2k / 2 for n = 3 , , 



so{n)2Tx' V'^' \ 1 forn>4. 

We will choose in particular the 00 (n) subalgebra which corresponds to the Cartan-Weyl generators 
{i{Ea — E-a),^ OL > 0}, so that for example: 

su(3) : ^ = 2,5,7, 7 = 1,3,4,6,8 (3.5a) 
5u(4) : A = 2,5,7, 10, 12, 14, 1=1,3,4,6,8,9,11,13,15. (3.5b) 

Then one finds for the fundamental representation of su(n) 

Ta = ^Xa, Tv{TaTb) = ^6ab, T^a = Ta, = -Ta, = Tj (3.6) 

that the so(n) generators {Ta} are proportional to the standard generators of Cartesian so(n) in 
the vector representation 



{Tij)k' = i^iSikS' - SjkSi) = i\ -^{SikS'j - SjkSi) (3.7a) 



^ < i < j ^ n, k,l = 1 . . .n, a^so(n) = 72 ^ ~ ^''"^ (3.7b) 
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where Ta —Ti<cj is a relabelling of each n x n matrix Ta by its non-zero entries. The quantity 
ipso{n) is the highest root of so(n), and this choice of so(n) is inner-automorphically equivalent to 



any other so(n) subalgebra which is irregularly embedded at the level shown in (3.4). 
Note in particular that the commuting Cartan generators of su(n) 

Ja, a G Cartan su(n), Cartan 5u(n) C — (3.8a) 

50[n) 

su(3) : d = 3,8, su(4) : d = 3,8,15, 5u(5) : d = 3, 8, 15,24 (3.8b) 
are always in g/h. In this notation, the general matrix irrep T of 5u(n) satisfies 

{Ta)y'' = (A^(r)l J,(0)|A^-(T)), T] = (3.9a) 

[JaiO), MO)] = ifabcMO), [Ta,n] = ifabcTc (3.9b) 



(r^),,^' = Xi(T)6^l, a G Cartan su(n) C (3.9c) 

soln) 



where Ja(0) are the generators of 5u(n) and A*(T), i = 1 . . . dimT are the weights of irrep T. 

We turn next to the non-trivial element {a = 1) of the charge conjugation automorphism 
group, whose action on the currents is 

Jaiz)' = UJa^Jbiz), J =L0 (3.10a) 

cj^^ = -cjj^ = 1, Ae5o{n), I G su(n)/so(n) (3.10b) 



where w is a diagonal matrix whose diagonal elements are given in ( 3.10b[ ). Because su(n)/so 



is a symmetric space it is trivial to check that this is an automorphism of the affine OPEs ( p.3| ) , 
with invariant subalgebra h = 50 (n). To identify this automorphism as the Cartesian form of 
charge conjugation we consider for each irrep T the following two closely-related representations 
of su(n) 

fa = -TJ, Ta' = UJa^n (3.11a) 

[fa,n] = ifabcfc, [Ta', Tfe'] = ifabcTc' (3.11b) 

where superscript T is matrix transpose, T is the standard charge conjugate representation of T 
and T' is the automorphic transform of T. In fact, T' is unitarily equivalent to T 

T' c^f (3.12) 

because both representations have the weights 

{Td)x^,\j = {Ta')y,xj = -K^xi,xu a G Cartan5u(n) (3.13) 
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of the charge conjugate representation. Our Cartesian automorphism uj is inner-automorphi- 
cally equivalent u; ~ r to a reahzation of the action r of the Dynkin automorphism. This 
is discussed exphcitly for su(3) in App. which also remarks on the inner-automorphically 
equivalent realization of r with invariant subalgebra h = Cn for su(2n). 

Following the observation ( |3.12| ), we will say that a real representation of su(n) satisfies 

T ~ f ~ T' (3.14) 

while for a complex representation T or T' is not equivalent to T. As examples, the adjoint 
representation is real with 

{Tf%' = -ifabc, ff^ = Tf^ ^ Tf^' (3.15) 
while the fundamental representation n is complex with 

^ ^Aa, TJ = -Ta, TJ = Tl, Ta' = fa . (3.16) 



2 

In this case the two equivalent matrix representations T' and T of n are exactly equal. 
3.2 The Cartesian form of A^^\^ 

Because the action lo of charge conjugation is diagonal in the Cartesian basis, the solution to the 
-ff-eigenvalue problem is trivial 

ujU^ = U^E : a = l, p = 2, = 1, E = uj (3.17a) 

n(r) = ^Ea = 1, VAEso(n) (3.17b) 

n(r) = 1 ^ Ei = -1, y I e 5u(n)/so(n) . (3.17c) 

Then the normalization X = 1 gives the eigencurrents J and the non-zero entries of the basic 
duality transformations 

Joa{z) = Ja(.z), J^j{z) = Jj{z) ; Joa(.z)' = Joa{z), Ji/(z)' = -Ji/(z) (3.18a) 

GoA;OB = k^AB, Gii--i,j = k6ij (3.18b) 

J^OA;OB^'~^ = IaBC, ^OA;!!^"^ = IaIJ, •^1/;-1,J°'^ = fiJA (3.18c) 

and the principle of local isomorphisms Q gives the twisted current system: 

Jn{T)f, = {J0A,Jll}, Jn(r)±2A^) = Jn{r)fi{z), J„(^)/,(ze^''*) = 6 '''' P^"^ Jn{r)^i{z) (3.19a) 

T I \ T ( \ ^^^B , "^fABcJociw) , /Qinu\ 

JoAiz)JoB[w) = \-0{z-w)" (3.19b) 

[z — wY z — w 
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hA{z)Ju{w) = 'f^'J-^^'^""^ + 0{z - wf (3.19c) 
z — w 

Jii{z)Jij{w) = H ^0{z-wy (3.19d) 

[z — w)^ z — w 

jQAize^^') = Joa{z), Ju{ze^^') = -Jii{z), A G so(n), / G 5u(n)/so(n) . (3.19e) 
Finally the monodromies ( |3.19e| ) give the twisted mode expansions 

Joa{z) = •hA{m)z-'^~\ Ju{z) = Mm + (3.20) 



and one finds from (3.19), ( |3.2[1| ) that the twisted modes satisfy the Cartesian form of the outer- 

(2) 

automorphically twisted affine Lie algebra 

[JoAim], JoB(n)] = ifABcJocim + n) + kindAB^m+nfl (3.21a) 

[JoA(rn), Ji/(n + i)] = ifAljJuim + n + i) (3.21b) 

[Juim + i), Jij(n + i)] = ifijAJ2A{m + n + 1) + k{m + i)(5/j(5m+n+i,o (3.21c) 

J±2,A{m) = JoA{m), J_i,/(m - i) = Ji/(m - 1 + i) (3.21d) 

ioA(m)^ = JoA(-m), Ji7(m+i)t = J„i^j(-m-i) = Ju(-m-l + i) (3.2ie) 

A £ 5o{n), I G su(n)/so(n) . 

This twisted current algebra (and ( |3.19| )) can alternately be obtained by substitution of the data 
( 3.17] ), ( |3.18| ) into the general twisted current algebra of Ref. and the dagger relations in ( 3.21e| ) 
follow from the general orbifold adjoint operation Q in this case. App. ^ gives a translation 

(2) 

dictionary between our Cartesian form of A2 and its more conventional form in mathematics. 

We also note that for even levels the outer- automorphically twisted affine Lie algebra ( 3.21| ) 
is a subalgebra of the order-two orbifold affine algebra |]l| on su(n) 

[jW(m + §), Jt\n + f )] = ifabJi^^'+'Hm + n + r±£) + fc5,,(m + i)<5^+„+^^o (3-22a) 

k = 2k, f,s = 0,1, a,b,c = l,... -1 (3.22b) 

which lives in the twisted sector of Z2 cyclic permutation orbifolds on su(n)fc ©5u(n)fc. 

Similarly, one reads from Ref. |Q] the twisted left-mover affine-Sugawara construction of sector 
a = 1 

jrOAfiB ^ l^^AB £l/;-l,J ^ c = c = ~ (3.23a) 

s 2k + Qg ' 8 2k + Qg ' x + n ^ ' 

f{z) = ^^^'^'^^-'^'^'^ J„(.)^(z)J-„w,.(^) : (3.23b) 

= E '^oa(^) Joa(^) + X] ^(^)^-i,/(^) ^ (3.23c) 

where g = g((T = 1), is the quadratic Casimir of su(n) and : • : is operator product normal 
ordering. 
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3.3 The twisted representation matrices 

To study the representation theory of the charge conjugation orbifold in the twisted sector, we 
need to determine the twisted representation matrices T{T) corresponding to each untwisted 
representation T. 

In order to do this, we must first find the action W{T) of the automorphism in representation 
T, which satisfies the linkage relation llC 



W\T)TaW{T) = Ta' = uj'n (3.24) 

and then we must solve the extended H-eigenvalue problem for W{T) 

W{T)U^{T) = U\T)E{T) . (3.25) 

Given this solution (see below) and the eigendata ( |3.17| ) of the i7-eigenvalue problem, we read 
from Ref. |]lOl the form and properties of the twisted representation matrices T: 



ToAiT) = r±2AT) = U{T)TaU\T), Tu{T) = T_ij{T) = U{T)TiU\T) (3.26a) 

[%a{T),%b{T)\ = ifABC%c{T) (3.26b) 

[%a{T),Tu{T)] = ifAijTij{T) (3.26c) 

[ru{T),Tij{T)] = ifijA%A{T) (3.26d) 

Toa{T) = E{T)%A{T)E{Ty , Tu{T) = -E{T)Tu{T)E{Ty . (3.26e) 



Here the relations ( 3.26e| ) are the T-selection rules, which are the orbifold dual of the linkage 
relation. 

To go further we must distinguish between real and complex representations of 5u(n). For 
any real representation, the solution W{T) of the linkage relation ( ^.24 ) is guaranteed because 



T' T for real representations. As an example, we know [10| for the adjoint representation 
{Tf%- = -iU: 

VF(r^dj)=a;, U{T'^^) = U = 1, EiT""^^) = E = lo, R{T'"^i) = p = 2 (3.27a) 

W\T-''^)Tfm{T^^)=Ua'Tf ^ u^/u^i>'fdJ{u^^)f' = fab'- (3.27b) 

Indeed, the relation in ( p.27b[ ) reminds us [|lO| that W{T^^^) = oj for the adjoint in all current- 
algebraic orbifolds. Using formulae ( p.26a| ) above, we find the twisted representation matrices for 
the adjoint 

ToA(r^'^j) = Tf\ Tii{T'^'^) = T'f^ . (3.28) 
The selection rules ( |3.26e ) are easily checked explicitly in this case, for example 

Ti/(T^'^j)j^ = -Ti/(r^<^j)j^ (3.29) 
is satisfied as = because fijK = for a symmetric space. 
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For complex representations T^^^ of 5u(n), we choose the reducible representation |1C] 



Ta' = u;a'n=('^^ ^c) 1 (3-30b) 

where T^'^)' in Eqs. ( p^ ), (| 7n\ ) is the automorphic transform of T^'^\ The choice in ( p.30a| ) 
results in considerable simplification over the unitarily-equivalent choice with T^'^^' —>■ T^. In 
particular we then find for all complex representations that the solution of the linkage relation 



( 3.24 ) is very simple 



""•(^' = ( 4 ( 1 )) = ' ( 1 ) • ""'^'"'<^' = ( 1 ' ■ P'^'' 



Moreover, the extended ff-eigenvalue problem ( 3.25 ) is also easy to solve 



U{T) = U\T) = ^ ( J _\ ) , U\T)U{T) =(^1 \y E{T) =^(^l 



(3.32) 



Then we find for the twisted representation matrices 



%a{T) = U{T) ^ j uHt) = j (3.33a) 

Tn{T) = UiT)(^'^i^ )' ) ^'(^^ = ( T) 
and these explicit forms allow us to verify that the T-selection rules (|3.26eD are identities. 

3.4 Twisted left-mover KZ system for charge conjugation orbifolds 

We consider here only the so(n)-invariant or scalar twist-field state, which satisfies 

JoA{m > 0)\0) = {0\JoA{m < 0) = 0, A e so{n) (3.34a) 

Ji/(m + i > 0)|0) = (0|Ji/(m + i < 0) = 0, / G su(n)/5o(n) (3.34b) 

in the twisted sector of the charge conjugation orbifold. Then the M-ordered (mode-ordered) 
expressions of Refs. ^, IC] are immediately useful. For example, the left-mover Virasoro generators 



and the conformal weight of the scalar twist-field state 

+ ^9 p& A I 

+5„,oAo, [L„{m > 0) - 5rn,oAo]|0) = (3.35a) 
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An 



n(r)ii;—n(r)i/ / \ ni^rj 



n(r) 



dim((jr//i) X (n — l)(n + 2) x 



(3.35b) 
(3.35c) 

16 X + n 32 a; + n 

are easily read from (3.17), ( 3.18| ), ( p. 23 ) and the general form given in Eq. (6.8b) of Ref. [10|. 
We turn next to the left-mover twisted affine primary fields g+{T, z), T = T{T) of the charge 



conjugation orbifold. From Ref. |1C], we read the OPEs 



JoA{z)g^{T, w) = ^±i^roA(r) + 0{z - wf 



z — w 



(3.36a) 



Jii{z)g+{T, w) = ^till^TiKT) + 0{z - w f 



z — w 



(3.36b) 



^ + ^—du,] g+{T ,w) + 0{z - wf 



{z — wf z — w 



(3.36c) 



A(r) 



A = 



A(r(^)) 



1 
1 



for real reps T 

for complex reps T*^'^-' 



(3.36d) 



where A(r) and A(r(^)) are the conformal weight of the representation under the (untwisted) 
affine-Sugawara construction ^, 23, U] on su(n). 



Similarly, using (|l7|), (|]23|) and Eq. (6.13a) of Ref. |lO|, we find the twisted left-mover 
vertex operator equation 



dg+{T,z) 



2k + Qg 



^ : JoA{z)g+{T,z) -.M %A 



z :m 



2z 



g+(X,z)Tii Til 



(3.37) 



for the twisted affine primary fields. M-ordering for the twisted vertex operator equation is defined 
in Ref. [^] (see also Eq. (2.16)). In combination with the twisted current algebra ( 3.21j ) and the 
ground state conditions ( 3.34 ), the twisted vertex operator equation ( p.37|) suffices to derive a 
twisted KZ system for the twisted sector of the charge conjugation orbifolds. 

We prefer however to include this computation as an example of a more general result. For 
any twisted current algebra with an action on a general scalar twist-field state |0)o- 



Jnir)M + 53 > 0)|0). = MJn(r)M + ^ < 0) = 



(3.38) 



one finds that the general expression for the conformal weight Ao(cr) of the scalar twist-field state 
is that given in Eq. ( |3.35b| ). Moreover, we may use the general twisted current algebra and the 
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general twisted vertex operator equation of Ref. |1C] to find the general twisted left-mover KZ 
system 



i+(T,z,a) = .(0|5+(T«,zi,a)5+(T(2),z2,a)---5+CrW,^7V,fT)|0). 



(3.39a) 



9«i+(r, z, a) = i+(r, z, a)W^(T, z, a] 



1 1 



K = l...N, o- = 0, . . . , A^c - 1 (3.39b) 



W^{T,z,a) 



r,f^n{r)n-~n(r),v, ^ 



n(r) 



Mr) J_7'('^) T'W 



^ n(r)pi —n(r),v p{a) ^ n{r)fi ~n(r) 



(3.39c) 



N 



A+{T,z,a) I Vrif^ 



V /X 



(3.39d) 



for the correlators in the scalar twist-field states of any WZW orbifold. The global Ward identity 
(3.39d) follows from the residual symmetry 



. (0 1 [hp (0) , 5+ {T^^^ ,z,,a)---g+ (T^^) , ZN,a)]\0)^ = 0, ^ fi 



(3.40) 



generated by the zero modes of the integral affine subalgebra of the general twisted current algebra. 
The so-called ground state [Q, ^] in sector a of any WZW permutation orbifold is in fact a scalar 
twist-field state, so the general twisted KZ system ( p.39| ) includes as a special case the twisted 
KZ system obtained for the WZW permutation orbifolds in Ref. []lC| ]. 

Moreover, a scalar twist-field state exists for each twisted sector of every outer-automor- 



phically twisted affine Lie algebra, so the general system ( |3.39| ) includes a twisted KZ system 
for every outer-automorphic WZW orbifold. In these cases, the residual symmetry expressed by 



the global Ward identity ( 3.39d ) is that of the invariant subalgebra h C g of each automorphism 
group. 

In particular, we obtain the twisted KZ system for the left-mover sector of the charge conju- 
gation orbifold on su(n) 

i+(T,z) ^ (0|g+(T«,zi)---g+(TW,z^)|0) (3.41a) 



5^i+(T, z) = i+(T, z)W^iT, z), /i = 1 . . . iV 



(3.41b) 



W^iT,z) 



2k + Qg 



(3.41c) 



TV 



i+(T,z) I Y.'^.^A 1 =0, VAG50(n) 



(3.41d) 
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where |0) is the so(n)-invariant twist-field state in ( ^.341 ). For this case, the exphcit form of the 



twisted representation matrices T = T{T) is given in Subsec. 3^. Although it is guaranteed by 
the construction, we check explicitly in App. ^ that the twisted connection ( 3.41c| ) is flat. 

We emphasize here that the flatness check of App. ^ uses only the symmetric-space form 
ifiJK = 0) of the algebra ( |3.26b ), ( 3.26c| ), ( p.26d| ) of the twisted representation matrices. All 



Z2-type outer automorphism groups are similarly associated to symmetric spaces, so we expect 
that the twisted KZ systems of all Z2-type outer-automorphic orbifolds will have the same form 
(with so(n) replaced by the relevant invariant subalgebra) as that given in ( 3.41| ). 



3.5 Rectification and tlie twisted right-mover KZ system 

The form of the general twisted right-mover current algebra was given in Ref. |jl^ : As an example 
of the general phenomenon discussed there, we know that the twisted right-mover modes Joa(w.) 
and Ji/(m + ^) satisfy the same algebra as in (3.21), but now with k — > —k. This situation 

is rectifiablj^ into a copy of A^^-^ by the mode-reversed definition 

Jo^im) = JoAi-m), JiKm + i) = J_i,/(-m-i) = Ji/(-m-l + i) . (3.42) 

The rectified right-mover modes J also satisfy a copy of the left-mover conditions 

jj^(m > 0)|0) = (0| jj^(m < 0) = 0, j[j{m + i > 0)|0) = {0\j[j{m + i < 0) = (3.43) 

on the scalar twist-field state, and we find that the right-mover Virasoro generators are also a 
copy of the left movers 



— 1 V — > V — ^ — — ^ V — ^ —It ^tl 

^''^^'^ " 2k + Q ^ ' Z^'^oA{p)JoAi^-p) + Z^JiiiP + ^)J-i,i{'m-p-l) : 



M 



3 pez A I 



— xilT?' — 1) 

+J^,oAo, t = c= ^— '- (3.44a) 



X + n 



[l.{m > 0) - <5™,oAo]|0) = 0, Ao = Ao = ^l^^^'^^ ^ (3.44b) 



32 x + n 



with the same action on the scalar twist-field state. 



Following Ref. [10|, we also find the twisted KZ system for the right movers 

i_ (T, z) = (0|5- (T(^) , zi) • • • 5- (T(^) , z;v) 1 0) (3.45a) 

d^A_{T,z)=W^{T,z)A_{T,z), i^ = l...N (3.45b) 



*^The rectification problem is the question whether the twisted right- and left-mover current algebras are iso- 
morphic. The question has been answered in the affirmative for inner-automorphic orbifolds on simple g and for 
permutation orbifolds in Ref. Except for the triality orbifold on so (8), all outer automorphism groups of 

simple g are Z2's, and we know that the non-trivial element of Z2 satisfies h^^ = hi. According to the discussion 
of Ref. [0 this means that the twisted right-mover current algebra of all these orbifolds is similarly rectifiable, 
as seen here for the charge conjugation orbifold on su(n). Thus the rectification problem is solved except for the 
triality orbifold on so(8), to which we expect to return elsewhere. 
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2k + Q, 



'2.- ^'i^ 



(3.45c) 



TV 

^To^f |i_(T,z) = 0, V^Gso(n). 

/i=i 



(3.45d) 



In this case is just with {z^} {z^} because the order of the matrices is reversible. 



3.6 The classical theory of charge conjugation orbifolds 

The classical action formulation of each sector of all WZW orbifolds, in terms of appropriate group 
orbifold elements with definite monodromy, was given in Ref. The group orbifold elements 
are the classical limit of the twisted affine primary fields of the WZW orbifolds. Before discussing 
solutions of our twisted KZ systems above, it will be helpful to work out the details of this classical 
formulation in the case of the charge conjugation orbifolds. 



Reading from Subsec. 5.7 of Ref. |1C], we find for all representations that the group elements 
g, the eigengroup elements S and the group orbifold elements g satisfy 



(3.46a) 



(3.46b) 



g(T,0 = U{T)g{T,OUHT) = e^(/5''^«)^oA(T)+/3"{5)ri,(T)) 



(3.47a) 



/3i^(e) = /3^(0, , P''i0 = -P''iO (3.47b) 



9iT,0' = E{T)S{T,OE{Tr 



(3.47c) 



(3.48a) 



giT, e + 27r) = E{T)g{T, OEiT)* . (3.48b) 
Here ^ is the spatial coordinate on the cylinder, W{T) is the action of charge conjugation in rep T, 



{U{T), E{T)} is the eigendata of the extended -ff-eigenvalue problem ( 3.25 ) and /?', g' , S' are the 
responses of the untwisted objects to charge conjugation. The T-selection rules ( p.26e ) guarantee 
the consistency of these responses, as well as the consistency of the monodromies of (3 and g. 
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As an example, Eqs. ( ^.lObl) , (|3.27aD , (l3^ and ( ^.48b|) give the monodromy of the group 
orbifold elements 

g(T(T^y),i + 21,) a"" = g{T{T^i),OA'', ^(^(r-^j),^ + 27r)/ = 5(T(r^^j), e)/ (3.49a) 
giTiT^i),C + 21,)/ = -g{T{T-^^),0/, g{T{T^y),i + 27r)/ = -5(r(r-<^j), ^/^ (3.49b) 



ylGso(n), / G su(n)/so(n) (3.49c) 

in the twisted adjoint representation T[T^^). 

For general twisted complex representations, we may use Eqs. ( p. 32 ) and ( p. 33 ) to write out 

the results ( 3.46| ), ( |3.47 ) and ( 3.48| ) in terms of the complex untwisted representation matrices 
2^(0). 



5(r,e) =exph/3«(e) 



ri'^ 



n 



(c)/ 



g(r,e)' = exp i/3«(0 



n 



(c) 



(3.50a) 



S(T,0 = exp i 



(3.50b) 



gi^^Cl = exp i 



(3.50c) 



5(T,^ + 27r) = exp z 



(c) 



E{T)g{T,i)E{T)\ E{T) = i 



1 
-1 



(3.50d) 
(3.50e) 



The consistency of the forms in ( 3.50d| ) and ( |3.50e ) is easily checked. 

We turn next to the action formulation of the charge conjugation orbifolds. The untwisted 
charge-conjugation- invariant WZW action for any representation T of su(n) can be taken as 



SwzwlgiT)] 



k 



ey{T) 



i- I dPi Tv{g-\T)d^g{T) g-\T)d^g{T)) 



Tii{g~\T)dg{T))'' 



(3.51a) 



Tr(r,T6) = y{T)6ab, 



1 for real reps T 

2 for complex reps T^'^^ 



(3.51b) 



5wzwb(T)'] = Swzw[g{T)], g{T,0' = W{T)g{T,OwHT) 



(3.51c) 
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For complex representations T^^\ the block-diagonal group element ( 3.50a ) and the fact that 
y(T{c)'^ = y(f'(^)) = y(r(=)) tell us that the action ( ^?51a| ) is in fact one half the sum of the WZW 
actions for T^^^ and for T^"^) ~ Moreover, since the WZW action is numerically independent 



of T, the choice (3.51a) is in fact equal to the WZW action for either T^'^^ or T^'^\ 



Then following Ref. [|10| , one finds the action for any twisted representation T in twisted sector 
<T = 1 of the charge conjugation orbifold on su(?7-) 

mr)] = -_^(i-|d2eTr(r'(r,a)5+5('r,a)r'(r,a)9_5(r,a)) 

+-^J^Tr{i9-\r,a)dg{r,a) f)^ (3.52a) 

S[g{T, e + 27r)] = S[g{T, 0] , 9{r, C + 2n) = E{T)g{T, e)i?(r)* . (3.52b) 

The equations of motion of this action give twisted left- and right-mover classical matrix currents 
proportional to g^^d^g and gd-g^^ whose monodromies agree with the monodromies of the 
quantum currents above. 

Two further remarks about the case of complex representations are relevant here. We note 



first that the block-diagonal group elements g in ( 3.50a ) and the matrix 

/ 1 



V 1 ) = -^W{T) (3.53) 

generate a non-connected Lie group [21|. Second, we emphasize that the corresponding group 
orbifold elements g are also reducible. To see this we consider the so-called group orbifold elements 
with twisted boundary conditions 5(T,^) 

g{T,0 = U{T)S{T,OUHT) (3.54a) 
S(r,0 = ( ^^^^^ g_(^^^) ) , S±(r,0 = exp (z(/3°^(e)Tf ± /3i^(e)Tf )) (3.54b) 

S{T,^ + 2Tr) = W{T)9{T,OW\T) ^ g±(r, ^ + 27r) = g^(r, ^ (3.54c) 

which are block-diagonal with mixed monodromy: As seen in (|^54|), the group orbifold element 
g is the monodromy decomposition of §. Then the orbifold action ( p.52a| ) decomposes into the 
sum of two terms s(S+) -|- s(g_) which mix under monodromy transformations. 

3.7 Correlator examples and undetermined parameters 

In this subsection we consider some correlator examples, pointing out and interpreting the exis- 
tence of certain undetermined parameters in the solutions of the twisted KZ systems ( 3.41| ), (|3.45| ) 
for complex representations. 



We begin with the solution of ( ^.41 ) for the twisted left-mover one-point correlators 



(0|5+(T,z)|0) = C+(T)z 2toSi^"(^)^"(^), C+(r)ToA(r) = 0, V^Gso(n). (3.55) 
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We have checked for real and complex representations that the only solution for non-trivial T is 

(0|5+(T,z)|0) =0 (3.56) 

because there is no non-trivial solution to the global Ward identity in this case. This makes sense 
because our scalar twist-field state |0) is an so(n)-singlet, and the same result {g^{T,z)) = is 
found for the twisted right movers when T is non-trivial. 

We have also solved the twisted left-mover KZ equations for the two-point correlator in the 
case when both representations T^'^^*^^-' = T^^\ j'(c)(2) = j^(2) taken as the fundamental 
representation of 5u(n). The result is 

(0|5+(TW,^i)5+Cr(2\^2)|0) =C+(T)(ziZ2)-^" (^) r"'J"A ] (3.57a) 

/ (1) (2) \ 

C+(T) ( ^ ^ ^ ' ^(2) 1 = 0, V ^ G 50(n) (3.57b) 

^ ^ - 1 ^ ^ n-l ^^^^ 

2n{x + n) ' 4(x -|- n) 

where the quantity A„ is the conformal weight of the fundamental representation in the symmetric 
theory. To obtain this result, we used the explicit form ( 3.33| ) of the twisted representation 
matrices and the identities 

y%A{T)%A{T) = —^iYTaTa = ant® In, 1 = f J ? 1 (3.58a) 



^^-^Y.Tu{T)Tu{T) = -^-^iJ^TiTi = (A, - a„)]l In (3.58b) 

[M(l, 2),%^l^ + rjj)] = 0, V A e 50(n) (3.58c) 

where 1 is the 2x2 unit matrix in the doubled space and In is the nx n unit matrix in the space 
of the generalized Gell-Mann matrices. 

We have further solved ( |3.45| ) for the twisted right-mover two-point correlator in this case, 
solved the full set of global Ward identities 

C{T) = C-{T)C+{T) (3.59a) 
/ ^(1) ^(2) \ / (1) (2) \ 

(3.59b) 
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and combined these results with ( 3.57 ) to obtain the non-chiral two-point correlator for the full 
twisted vertex operators g = g-g+- The final result is 



{i)\g{T^^\zi,zi)g{T^^\z2,Z2m=C{T)\ziZ2\ 



2A„ 


Z1Z2 


2a„ 






2M(1,2) 




^12 




^/Zl + y 







(3.60a) 



C{T) 



71-D 

73!) -iiD 



[C(T),M(1,2)]=0 



(3.60b) 



(Ti^)),/^ , (Ti^)),/^ : = 5p,p,5^^^^ (3.60c) 

where 71 ... 74 are arbitrary constants found in the general solution of the global Ward identities 
(|339bD. 



Further determination of these constants is beyond the scope of this paper. However, we note 
here that the constants can be interpreted as undetermined couplings among the blocks of the 
quantum analogue S(T, z, z) of the group orbifold elements with twisted boundary conditions: 

g(T, z, z) ^ U{T)g{T, z, z)U\T), [U{T^'^) U{T^^^), C{T)] = (3.61a) 

27V(1,2) 



(o|g(r«,zi,zi)g(T(2),^2,^2 



71-D 72Z? 
73!) 74!) 



\ZlZ2\ 



2A„ 


Z1Z2 


2a„ 








Z12 




y/Zl + A 





iV(l,2) 



2k + Qg 



T, 



(2) 



T, 



(1) 



(2) 



.(1) 



(3.61b) 
(3.61c) 



This suggests that a natural boundary condition is 72 = 73 = 0, i.e. a block diagonal solution 
for the S correlator. Such a boundary condition could in principle be implemented in general 
because, for any number of S's in any set of complex representations, we find the block-diagonal 
twisted KZ system: 



AiT,z,z) = (o|g(T«,zi,zi)---g(rW,z;v,^7v)|o) 

d^A{T, z, z) = A{T, z, z)W^{T, z), d^A{T, z, z) = W^(r, z)A{T, z, z) 
W^(r, z) = W^{T, z)\r^T. W^iT, z) = W^{T, z)\r^T 



(3.62a) 
(3.62b) 
(3.62c) 



N 

A{Trz,z)\Y,Tf 



N 

Y.Tf\A{T, 

.fi=i 



z,z) = 0, y Ae 5o(n) . 



(3.62d) 



Here the twisted connections W and W are given in ( p. 39 ), ( 3.45| ) and the untwisted representation 
matrices T have the block-diagonal form in ( 3.30aD . 
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A The //-eigenvalue problem for permutation groups 



In this appendix we use the modified notation of Subsec. 2.6 to solve the //-eigenvalue problem 
IQ, ^, |l^ for all permutation groups H C Sn- The solution of the //-eigenvalue problem also 
gives an explicit derivation of various results which were argued more abstractly for the WZW 
permutation orbifolds in Ref. |p!c|]. 

We begin with the permutation-invariant system 

©f=oV, 0'=^0, K<N (A.la) 



Jai{z)Juiw) = 6jj { + iMM^al] + o{z - wf (A.lb) 

[z — wY z — w J 



K-1 



Tiz) = ^.[^ yZv"'- Jaiiz)Jbi{z) :, a, 6 = 1... dims (A.lc) 

where the automorphism group acts on the currents and stress tensor as Jai' = uj{hcr)i'^ Jaj, 
ha € //(permutation) C Sn and T(z)' = T{z). The eigencurrents ^, |lO| 

'Jaiiz) (A.2a) 



Jn{r)ajizy = En(r)icr)Jn(r)aj{z), En(r){(y) = e ''*^('^) (A. 2b) 

have diagonal response under //, where uj{K)U^{a) = U^{a)E{a), = 0, . . . , A^ - 1 is the 
//-eigenvalue problem ^ |l^] and the x's are normalization constants. 

To study the //-eigenvalue problem most efficiently, it is convenient to introduce a new basis. 
For each E //(permutation), we may relabel the copies / to obtain a cr-dependent cycle basis 
of the type constructed for H = Sn in Ref. |Q 

/ n, Jai Jaii (A.3a) 



JaU{^)\fl{w) = / n r J r-^^ ^/afe%i,H l _ (A.3b) 

ajj\ J bll\ I J' j-i ,Omod/j(cr) ) { ^ _ „.X1 ^ _ ,„ ( ^ ' ^ ' 
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3 j=0 
J'n{r)aj{^) Xn(r)aj 

(c7)C/(a)„(,)„/'j^-^(z) (A.3d) 

1 = 0,... I = 0,... Ji{a)-1, Y.fj{a) = K. (A.3e) 

3 

Here the unhatted indices j or / label the disjoint cycles (of size and order fj{(y) or fi{cr)) of each 
ha £ H and the hatted indices j or / run inside the disjoint cycle j or I. The labelling inside each 



disjoint cycle is periodic j j ± fj{cr) and the barred quantities j, I in ( A.3e ) are the pullbacks 
of j and / into the fundamental range. The cycle basis can be chosen so that each has matrix 
representation 

^(M./' = ^(M;/' = feM-„.od/,(.), ^ = 0,... ,iVc-i (A.4) 

that is so that the automorphism is a cyclic permutation j ^ j + 1 in each disjoint cycle. 
Examples. 

a) The cycle basis is discussed explicitly for the permutation groups in Ref. Q, with 

n{CT)-l 

K = N, fj{a) = aj, aj+i <aj, j = 0, . . . , n{a) - 1, = ^ ■ (^-5) 

j=o 

This choice gives one element G Sn in each conjugacy class of Sn- 

b) For the cyclic permutation groups Za one has 

K = X, fj{a)=pia), ] = 0,... ,p{a)-l, j = 0, . . . , ^ - 1 (A.6) 

where p{a) is the order of S and cr = 0, . . . , A — 1. In this case we give some simple examples 
of the relabelling / — > jj: For A=prime, one has p{a) = X, a = 1, . . . , A — 1 and a single disjoint 
cycle j = 0. Choosing also o" = 2 we maintain a shift j ^ j + 1 in the single disjoint cycle by 
relabelling 

i= (0,1,... ,A-1) (0,2,... ,A-1,1,3,... ,A-2) (A.7a) 

•^a/ ~ "^aJO ~ ("^aO, Ja2, ■ ■ ■ , Ja,X~l, Jal, Ja3, ■ ■ ■ , Ja,\-2) ■ (A. 7b) 

For A = 4, 0" = 2 we have p{2) = 2 and two disjoint cycles j = and 1, and we may relabel as 
follows: 

•^ajO ^ {JaO,Ja2), Jajl = {Jal,Jal.) (A-8) 

where j = and 1 in each disjoint cycle. 
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We consider now the //-eigenvalue problem and its solution in the cycle basis: 



I I =0 



1 1 



(A.9a) 



1 1 



e^^'hW)^ El = e~^"'f^(-) (A.9b) 



2ni- 



' 1=0 



mm em r 

~ "j-m ,0 mod fj{(j) 



j = 0,... ,f,{a)-l, I =0,... ,fi{a)-l, rfi =0,... ,/„((t)-1 . 
Here the relabelling of the spectral integers 

is dictated by the form of the eigenvalue problem, and the correspondence 

is obtained by comparing the eigenvalues Ej to the standard form of the eigenvalues in ( A. 2 ). In 
what follows we use the correspondence ( A.ll| ) to relabel all the spectral integers n(r) — > j. 
Returning to the eigencurrents Jn{r)aj ~^ J^jaj choose the normalization 



(A.9c) 
(A.9d) 
(A.IO) 

(A.ll) 



(A.12) 



This choice of normalization is in agreement with the prior conventions ||3, 11, adopted for 



and Sm- Then, combining (A.3d), ([A.9|) and (A.12) we find an explicit form for the eigencurrents 



2m 



3 =0 



(A.13a) 



33 



-an^~, A^. E -"^^^^^^^^./.(-)' E^o..(.) = E E lj3(^) 

^ ■ ' j'=0 j 3 j=0 



K-1 



/=0 



and the OPEs of the eigencurrents are 



{z — w)'' 



+ ■ fJ^' ) 3+1, cm^ +0{Z-W) 

3a3;lbl ^ ^ 2: — W 



(A.13b) 



(A.14a) 
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(A. 14b) 



-7- rhcm(\ r cc rmr 



-rh , mod/j (cr) 



We may also rewrite the stress tensor in terms of the eigencurrents 



k 



2k + Q, 



j+i , mod/j (cr) 



(A.14c) 



(A.15a) 



2k + Q,^f,{a) 



(A.15b) 



where : • : is operator product normal ordering ^, |T^, ^ Under the relabelling n(r) — > j, 
these results for ^, ^ and C are equivalent to those given in Ref. |10|. 

Then using local isomorphisms — > J 0] we obtain for sector a of the general WZW 

cr 

permutation orbifold 



Z — W 



(A.16a) 



(A.16b) 



(A.16c) 



2k + Q,^f,{a, 

3 j=0 



(A.16d) 

Under the relabelhng n{r)aj jaj, these results are also equivalent to those given in Ref. Q. 
For the special case H = I^x another form of the eigencurrents 

/'M-l . N{a)rs 

Jraj{z)= Yl e""'^' A_.(^), j=f = 0,...,p{a)-l, j = 0,...,-^-l 

(A.17) 

was given m Eq. (3.28) of Ref. g, where the integers N{a) are also defined. This is the form taken 
by the Z;^ eigencurrents when expressed in terms of the untwisted currents Jai of the original / 
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basis. The two expressions ( |A.17 ) and ( A.13a ) for H = T^x are equal because the eigencurrents 
are independent of the basis choice / or jj. To see how this works in a simple example, consider 
the case X = 3, a = 2 with p{2) = 3, N{2) = 2 and j = 0: 



Jraoiz)=Y.e^^'fjas = Y,e^^'fjas, f = 0, 1, 2, Jas = (JaO, Ja2, Jal) 

s=0 s=0 

The form of Jas in ( A.18| ) is a special case of the relabelling ( |A.7b| ). 
For the extended if-eigenvalue problem, we have the solution ||lC 



(A.18) 



[/t(r, 



<7 al 



n{r)l3j 



1 1 



a, f3 = 1 . . . dimT 



(A.19) 



where T is any irrep of g and U^{a) is the solution ( |A.9| ) to the i^-eigenvalue problem. Then 
we may evaluate Eq. (7.7e) of Ref. [|10| to find the factorized form of the twisted representation 
matrices T 



%i{r)j(T,a) 



jaj ' 



j+i ,cr 



(A.20a) 



j+i —rh ,0 mod/j(CT) 



(A.20b) 



in agreement with the result given in Ref. @. The formulae ( p.48j) , (|2.48g|) and (|2.48hD are the 
abelian limit of ( A.20| ), as expected. 



B More about the WZW permutation orbifolds 

We continue with the WZW permutation orbifolds, using the spectral index relabelling 

n{r)aj — > jaj, N{r)aj jaj, a = 1 . . . dimg, a = 1 . . . dimT (B.l) 



to rewrite more of the results of Ref. [^]. First we rewrite the results of Ref. |10| for the left- and 
right-mover ground state conformal weights in each sector a of all WZW permutation orbifolds 




An(a) = An(a) 



IE 



rj 



n{r) 
2pR 



nir] 



2 V ^ '^''^"^ 

J J = l 



2s_ 

24 



fj{<^) 



(B.2a) 



Xgdimg 

^0 + '^0 



2k 



(B.2b) 



where K is defined in (A.l) and Cg is the central charge of the affine-Sugawara construction 
|, § |2|, |§ on affine q. Eq. <^M^ is the abehan limit of (jB^), as expected. 
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To go further it will be useful to have the identities 



(B.3a) 
(B.3b) 



^'^g(cr) ^' ^ ^ i'^) p(J)%i(r)aj'^-n{r),bl 



n{r)aj\—n{r)bl 



'^)Xi(r)aj'^-n(r)Mi'^ - Sn(r),o) (B.3c) 



(B.3d) 



where we have used ( [A. 15a ) and the factorized form T = Tt of the twisted representation matrices 
These results are analogous to those given for the abelian case in Subsec. 2.6 . 

Then the twisted left-mover KZ systems of the WZW permutation orbifolds take the form ||lO| 



dMa) = A+{a)WJa), A+{a) = A+(T,z,a), a = 0, . . . , p{a) - 1 



(B.4a) 



2k + Q, 



ab ^ 



V 



E E - 



3 j=0 



(B.4b) 



AT 



i+(cT)^ri'^)4^)(a) = 0. 



(B.4c) 



Finally we note the form of the general left-mover two-point correlators of Ref. |10| in this notation 



i+(l,2) = {g+{T\zi,a)g+{T^,Z2,a))„ 



C+{T,a)z, 



"12 



^ \ 2k + Q„ " ' ^ ^ f,(cr) ^ 33^ ' -3,3^ ' ■ 



3 ^^-(^^ • 1 
3 j=l 



(B.5a) 



C+(T,a)(T(i)4;)(a) +rPig)(a)) = (B.5b) 
where the indefinite integrals / were evaluated in Ref. [11^]. The abelian limit of ([B.5D is in 



agreement with the result ( p.55|) of the text. 
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C An identity for the full correlators of the abelian orbifolds 



In this appendix, we verify the symmetry F(k, p) = -F(/?, k) stated in Eq. ( p.97 ) of the text. The 



steps followed here parallel those used in Ref. [|10| to prove 1 <-> 2 symmetry for the non-chiral 
two-point correlators of the WZW cyclic permutation orbifolds. 

We start with the definition {p ^ k) 

F{p,K) ^ g«MM;-nM,.(^)(i_5^^^,^^^) 



X 



p(cr) p{(7) 



Then we compare this to F{k,,p), following the steps 
F{k,p) = g"M-''('^)'^;''M-"M'-(a)(l-5^(,),o) 

(p) t . . . n\ ^L-rW n-(p) , , , , , ,_ , 

(C.2a) 



P(<t) 



\ p(cr) p(cr) / 

n(r)fi —n(r),u Vz^' / n(r)p, —n(r),u 'H' J Vz„' / / 

V p(cr) p((t) / 



. . (C-2c) 

p((t) ^ "" ' " p(o 

= F(p,k) + A (C.2d) 

Pi'') 



Here we have used the identity (2.97a) and the periodicity n(r) n{r) it p{a) of and T to 
obtain ( p.2a| ) and the variable change n' = p — n to obtain (|C.2b| ). Finally ( |C.2cj ), (|C.2d ) and 
( C.2e| ) are obtained with the symmetry of G and a. p ^ v relabelling. 



The same steps on the first term of A are used to show that A = 

= - ^.fr).o)ra_„... .r!a_.... . J p(.)-.(.) (0, oo) (C.3a) 



^-nW,.;nM.(^)(l - 5,(,,),o)r(;)^Ti^4)^/«(^(0,oo) (C.3b) 
gnM.;-nM,.(^)(l _ 5^(,),o)Tif4Ti^(^)^,/.M (oo,0) (C.3c) 

P(o-) 

which establishes the symmetry of -F. 
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D Relation to the Dynkin automorphisms 



Our first exercise in this appendix is to show exphcitly that the standard action r of the Dynkin 
diagram automorphism of 5u(3) 



T(ai) = 02, T{oi2) = cti, r(a ■ H) = a ■ t{H) = T{a) ■ H 
ai = (l,0), a2 = i(-l,V3) 



(D.la) 
(D.lb) 
(D.lc) 



is inner-automorphicahy equivalent r ~ w to the action of the outer automorphism uj in the 

— 1 for our discussion of 5u(3). 



Cartesian basis of the text. As seen in ( p.lcj ), we take a" 



We present this equivalence in a set of relations 



(D.2a) 

(D.2b) 
(D.2c) 

(D.2d) 

(D.2e) 

(D.2f) 

(D.2g) 

(D.2h) 



whose derivation and meaning we discuss below. 

In ( p.2| ) the generators = J are the Cartesian generators of the text, while the generators 
Jt = J are another set of Cartesian generators related to the Cartan-Weyl generators as follows: 





Jl = 


J5 — ^^{^01+02 -£'-(01+02)) 


(+) 


J2 = 


i(J3 + VSJs) = {ai + a2)-H 




J3 = 


J A = -^{Eai+a2 + E_(^oii+a2)) 




J A = 


-^{Jj — 'h) = — Ea2 — {E^ai — -E-qj)) 


(+) 


J5 = 


^(Jl + Jq) = ^(-Bq-i + Ea2 + E^ai + E_a2) 




h = 


^(Jl — Jq) = \{Ea^ — Ea2 + E-ai — -E'-oa) 


(+) 


Jl = 


-^{'h + 'h) = Ti^Ea^ + Ea2 — {E-ai + E^ct2)) 




Js = 


liVsJs - Js) = "^("1 -0.2) ■ H 



E±a, = ^{Ji ± iJ2), E±a2 = 71(^6 ± iJj), E 
, H = {J3,Js), E}^ = E_. 



±{ai+a2) = -^{Ja ± ih) (D-3a) 

= H . (D.3b) 

The J <-> {E, H) relations in ( p.2| ) give the J form of the hermitian eigenstates of the Cartan-Weyl 
generators under r. The signs (it) shown on the far left of ( |D.2| ) are the eigenvalues of all the 
combinations under r ~ w. 

The relation between the J's and the J's is in fact an inner automorphism of su(3). To see 
this explicitly, consider the unitary matrix 



(D.4) 
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Then we find by explicit computation that 

X I Ai + Xq A2 + A7 A3 + \/3As A/3A3 — Ag Ai — Ag A7 — A2 x 1 ij 

= {A5, A7, A2, A3, As, As, A4, Ai} (D.5) 

where Aa, a = 1 ... 8 are the 3x3 Gell-Mann matrices. This result shows that the relation in 
( p. 2] ) between the J's and J's is an automorphism, and moreover this automorphism is an inner 
automorphism because U in ( p.4| ) is an element of the Lie group SU{3). 

To see this for all representations of su(3), note that the matrix U can be written in the form 



U = exp(z/3 • T) for T the fundamental of 5u(3). Then the relations ( D.5 ) imply the same forms 
as operator relations with U ^ U = exp(i/3 • J) and Aa Ja for any set of Cartesian generators, 
including J or J. 



Two further comments are in order. We mention first that the matrix U in (D.4) is nothing 
but a particular matrix of eigenvectors of A4. Repeating the computation with the most general 
matrix of eigenvectors of A4 gives a more general form of (|D.5| ) which shows the inner-automorphic 
equivalence of all the irregularly embedded so(3)'s in su(3). Second, the J <-> [E,H) relations in 
(p. 2)) can also be used to check the equivalence of our Cartesian form of A^'' in (|3.21 ) with the 



(2) 

conventional form of A2 obtained directly from the action of the Dynkin automorphism. One 
need only hat the operators in the J <-> {E, H) relations 

J^J, ^ -^±(01+02)' H^H (D.6a) 

E±ai + E±a2 E±a^ + E±a2, E±ai — E±a2 ^ -E'ioi — E±a2 (D.6b) 

being careful as shown to maintain the eigenstates of r. 

For su(2n + 1) it is well known ||l^ that there is a realization of the Dynkin automorphism 
with invariant subalgebra h = so(2n + 1). This is easily checked starting from the trivial phase 
T{EaJ = i?r(aj) for all simple roots. 



For 5u(2?7-) however it is known [19| that there are two inner-automorphically equivalent real- 
izations of the Dynkin automorphism, resulting in a choice of invariant subalgebra h = 50 (2n) or 
h = Cn- This is not difficult to check explicitly, starting from the positive roots 

aij = ei-ej, ei-ej = Sij, afj = 2, 1 < i < j < 2n (D.7) 

(with simple roots aj^j+i) and their corresponding generators Eij = Ea^f. 

[Eik^Ekj] = Eij, T{ai^i+i) = a2n-i,2n-i+l, '^{'^ij) = 02n-i+l,2n-j+l • (D.8) 

The n invariant positive roots are aj^2n-j+i) i = 1 ■ ■ ■ n, including the invariant simple root On^n+i- 

By comparison with [T{Eik),T{Ekj)] = T{Eij) we find that the general automorphism has the 
form 



T{Eij) = S_ijE2n-j+l,2n-i+l, = {-Y * li^'.'+l 
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where ^i^i+i is the phase of the simple root generator Sj^j+i. Moreover, the form (1D.9D is unique 
given the "initial condition" {(^j^j+i}. The two realizations of the Dynkin automorphism are then 
found by distinguishing the sign of the invariant simple root 

I. V = 1 h = Cn (BW) 

II. V = 1 except = -1 h = so{2n). 

As far as counting is concerned, the difference between the two cases is the sign of the n invariant 
positive roots 

f +1 for I 

T{Ei^2n-i+l) = ^i,2n-i+lEi^2n-i+l, ^i,2n-i+l = { r tt) i = l...n. (D-H) 



-1 for II ' 

The same is found for the n invariant negative roots, and the relation 

dim(c„) = dim(so(2n)) + 2n = n(2n + 1) (D.12) 



reflects this difference between cases I and II. Finally, it is easily checked with ( p.lO ) and the 



fundamental representation of su(2n) that the composition of automorphisms I and II is an inner 
automorphism of su(2n). 

E Flat connections in the charge conjugation orbifolds 

To check explicitly that the twisted KZ connection (p.41cD is flat, we will need only the symmetric- 
space form {fijK = 0) of the algebra ( |3.26b|) , (|3.26c| ), ( |3.26d|) of the twisted representation 
matrices. In further detail, we will use only the following list of simple identities 

/ \ ±- 



: ± _ I!! = ± 7 ' (E.la) 

[ToA, J^Ti/Tu] =0 (E.lb) 



^ + (E.lc) 



1 f^Y=o (E.ld) 



IJA IJA 

= ^ E ifiJAifiJB{T^B^T^^ - (/u ^ z.)) = (E.le) 

IJAB 

E^fM^'A^^j'^li'^+rlfT}^^^^^^^ - ^ .)) = Y.^fAu{[Ti^\Ti^j\V] - (/^ - -)) 

IJA IJA 
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(E.lf) 



IJAK 



where /x, v and p are distinct. The identity ( E.ld| ) follows from ( E.lc| ) and many identities of this 
form were needed ||To[] in the explicit check of flatness of the twisted KZ connections of the WZW 
cyclic permutation orbifolds. The identities ( E.lb| ), ( |E.leD and ( p. 11 ) are simple consequences of 
the symmetric-space form of the algebra of twisted representation matrices. 



Then by differentiation and (E.la) we find that 



duW^ 



OA 



+ 



2k + Qg 

In what follows, we sketch the more difficult check that 

For this computation, we introduce the symbolic notation 

W,, 



II ^11 



(E.2) 

(E.3) 
(E.4) 



hf, + {g/h)f, + 

where h denotes the untwisted subalgebra terms and so on. Then we find using ( E.la ), ( |E.lb| ) 
and ( E.lc| ) that 

[e^, eu] = [e^, h^] = [h^, e^,] = [hf,, h^] = . (E.5) 

The last relation in this list is not surprising because h is an untwisted subalgebra. 

After some algebra, the rest of the terms can be divided into summed terms X^p^^ ^ and 
unsummed terms which involve only and z^. For example one finds that the commutator 



[ig/h)„ig/hU 



^ifiJA 

IJA Pt^/^iJ^ 



1 

^11 ^OA -'ij 



+ - 



1 



q-ip)q-Mq-M , 
'-■'OA ^IJ ^11 



~^' \ q-{p)q-(^)q-W 
' -'ij -'oA ^1/ 



(E.6) 



has no unsummed terms, which have cancelled according to ( E.le| ). Using ( [E.lc| ) and ( [E.ld[) the 
summed terms ( [E.6D are found to cancel against the summed terms from [h^, {g/h)y\ + [{g/h)f^^ h^]. 



This leaves the unsummed terms from this sum of commutators plus those from [e^, {g/h),y] + 
[{g/h)p,ei^]. Using (E.lf), we find that all these terms sum to zero 



z. 



2_^^JiJA[-ioA hj hi + hj hi ^OA 



•fiu 



V 



Z/iZi/ 



(E.7) 



IJA 



which completes the check of flatness. 

One may also check the consistency relation between the twisted KZ equation ( 3.41b| ) and the 
global Ward identity ( ^.41dD 



N 



but this is left as an exercise for the reader. 



OA 



]=0, V^Gso(n) 



(E.^ 
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